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5.1 Introduction
Ultrasound has been used extensively to study the collective excitations in
superfluid 3He. Early ultrasonic studies of order parameter collective modes
provided important confirmation of the identifications of the A- and B-phases
based on NMR. More recent experimental studies have discovered a remark-
able spectrum of order parameter collective modes that clearly reveal the
underlying broken symmetries of the superfluid phases. Theoretical studies
have further elucidated the nature of the collective modes in terms of the
condensate of Cooper pairs and their couplings to external fields, quantified
the energy spectrum and underlying molecular fields of the Fermi liquid,
and predicted a number of new physical effects, many of which have strik-
ing similarities to the interaction of electromagnetic fields with the atoms
and molecules. The article by Halperin and Varoquaux [26] in this volume
gives a comprehensive review of ultrasonic experiments in superfluid 3He
as well as their theoretical interpretation in terms of collective modes of the
order parameter. Most studies of collective modes in superfluid 3He have
delt with the linear response of the condensate. In this article we present
recent theoretical work on the role of order parameter collective modes in
the nonlinear response of 3He-B to acoustic waves. Many of the nonlinear
acoustic phenomena we describe have analogs in nonlinear optical excitation
of atoms and molecules.
The subject of order parameter collective modes originated with ques-
tions that were raised about the gauge invariance of the original BCS the-
ory [3]. Anderson [4] provided a gauge-invariant formulation of the pair-
ing theory and elucidated the role of collective modes in superconductors
(see also [54, 50, 2]). These modes may be broadly classified into (i) Gold-
stone modes, associated with a spontaneously broken symmetry, and (ii) ex-
citon modes, excitations of the condensate of Cooper pairs which involve
time-dependent deformation of the superconducting order parameter [42].
Goldstone modes reflect the degeneracy of the order parameter under time-
independent and spatially uniform gauge transformations and rotations, and
are the low-energy excitations of the condensate. Broken gauge symmetry
in superconductors and superfluid 3He leads to a phase mode, oscillations
in the overall phase of the order parameter. This mode is closely related
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to the collisionless sound mode in superfluid 3He and exhibits a phonon-
like dispersion relation, ω = c1q, where the velocity c1, in the limit T → 0
and ω  ∆, is identical to the hydrodynamic sound velocity of the normal
phase of liquid 3He. The phase mode was predicted by Anderson [4] and
Bogoliubov, Tolmachev and Shirkov [11], and is essential to spectroscopic
studies of the additional order parameter collective modes in 3He.1 Several
authors also predicted the existence of exciton modes in superconductors
with excitation energies, ω < 2∆, corresponding to excited bound states of
Cooper pairs [4, 11, 70, 71, 8]. Most notable from the viewpoint of collec-
tive modes in superfluid 3He is the work of Vdovin [72] who predicted the
order parameter collective modes for the Balian-Werthamer state, and cal-
culated the dispersion relations, long before the discovery of superfluid 3He.
Although exciton modes have never been definitively observed in supercon-
ductors to our knowledge, the analogous modes in superfluid 3He have been
studied extensively. The main reason that exciton modes are readily ob-
served in superfluid 3He, while not in most superconductors, is that 3He is
an unconventional superfluid with an order parameter that breaks the rota-
tional invariance in both spin- and orbital space; and therefore, belongs to a
higher dimensional representation of the full symmetry group of the normal
phase. This implies that there is a spectrum of pairing states - the ground
pair state and excited pair states - belonging to the same representation, and
therefore bound by the same pairing interaction. It is well established that
the superfluid phases of 3He belong to the S= 1, l = 1 (spin-triplet, p-wave)
representation of the rotation group SO(3)× SO(3), giving rise to an order
parameter with nine complex amplitudes and a corresponding spectrum of
eighteen collective modes, many of which lie well below the pair-breaking
edge of 2∆.
Quite generally the order parameter can be identified as the pair ampli-
tude,
Fαβ (r,x) = 〈ψα(x+r/2)ψβ (x−r/2)〉 . (5.1)
Since pairing occurs in a narrow band in momentum space near the Fermi
momentum, p f , it is convenient to use a mixed Fourier-space representation,
Fαβ (p,x) =
∫
d3r e−ip·r Fαβ (r,x) , (5.2)
1In most superconductors the phase mode is dynamically uninteresting for studying the other
possible excitations of the superconducting state because it couples directly to long-wavelength
charge fluctuations, and consequently oscillates at the plasma frequency, ωpl  ∆. In dirty
superconductors the phase mode is observable in a narrow temperature region near Tc as a
weakly damped collisionless second-sound mode [14, 61].
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with |p| ' p f . Thus, Fαβ (p,x) ' Fαβ (p f pˆ,x) is a function of the center-
of-mass coordinate, x, of the Cooper pair for non-uniform states of the su-
perfluid, and the direction pˆ describes the orbital motion of the pair. In
addition, the order parameter depends on the spin configuration (α,β ) of
the Cooper pairs, and can be decomposed into spin-singlet (S = 0) and spin-
triplet (S = 1) amplitudes,
Fαβ (pˆ) = f0(pˆ)(iσy)αβ +f(pˆ) · (iσσy)αβ , (5.3)
where f(pˆ) represents the three odd-parity, spin-triplet amplitudes.2 In equi-
librium the superfluid phases of 3He are described by an order parameter in
which only the spin-triplet part is non-zero.3 The rotational invariance of
the normal phase of 3He suggests that the condensate of Cooper pairs is also
defined by a single orbital angular momentum channel, known to be the p-
wave channel.4 An alternative order parameter to the pair field, f(x, pˆ), is
the weak-coupling gap function,
∆(x, pˆ) =
∫ dΩ′
4pi
V t(pˆ · pˆ′) f(x, pˆ′) , (5.4)
where V t is the pairing interaction in the spin-triplet channel; for equilib-
rium states of 3He these two order parameters contain essentially the same
information. A trivial extension of the above to include time-dependent pair
amplitudes describes non-equilibrium states of the condensate described by
a fluctuation of the order parameter,
d(pˆ;x, t) =
∫ dΩ′
4pi
V t(pˆ · pˆ′) [f(pˆ′;x, t)−feq(pˆ′)] , (5.5)
where f(pˆ;x, t) is the time-dependent pair amplitude defined in Sec. (5.3).
The equilibrium B-phase is decribed by the an order parameter of the
Balian-Werthamer (BW) class [7],
∆i(pˆ) = ∆(T )Riα [nˆ,θ ] eiΦ (pˆ)α , (5.6)
where Riα [nˆ,θ ] is an orthogonal matrix defining a relative rotation of the
spin and orbital angular momentum quantization axes, Φ is the global phase,
2The parities of f0(pˆ) and f(pˆ) are fixed by the exchange anti-symmetry of Fαβ (x, pˆ) and
the odd [even] exchange symmetry of the spin matrices, (iσy)αβ [(iσσy)αβ ].
3The identification of the order parameters for the A- and B-phases from NMR, ultrasound
and thermodynamic data is discussed by Leggett [39], which also provides a more general
review of the theory of superfluid 3He.
4This is strictly true only at the superfluid transition; however, for 3He-B the equilibrium
order parameter in zero field is pure p-wave at all temperatures.
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and ∆(T ) is the magnitude of the gap. If we neglect the weak dipolar in-
teraction then the free energy of 3He is separately invariant under spin ro-
tations and orbital rotations. Thus, the BW states described by different
relative rotations of the spin- and orbital coordinates are degenerate, as are
BW states differing by a gauge transformation. The parameters [nˆ,θ ,Φ]
that define the equilibrium B-phase order parameter are soft degrees of free-
dom; long-wavelength variations of these fields cost little energy on the
scale of Tc. The nuclear dipolar interaction, which is small on the scale
of Tc (Edipolar ∼ 10−7K  Tc ∼ 10−3K), partially lifts this degeneracy by
fixing the rotation angle θ = cos−1(−1/4) [38]; but the direction of the axis
of rotation nˆ remains a soft degree of freedom. Many of the remarkable
properties of superfluid 3He are related to these soft degrees freedom and
are described in detail elsewhere in this volume.
The B-phase, described by one of the the BW states, is “pseudo-isotropic”
in the sense that it is invariant under the transformations generated by the to-
tal “twisted” angular momentum J = L+R(nˆ,θ)−1 ·S, and so has total
“twisted angular momentum” J = 0. For pure l = 1 pairing the order pa-
rameter collective modes correspond to the natural oscillations of the 3× 3
complex matrix Di j(x, t) defined in terms of the time-dependent order pa-
rameter for pairing fluctuations,
di(pˆ;x, t) = Di j(x, t)pˆ j . (5.7)
The eighteen order parameter modes are classified [40] by the quantum
numbers Jζ and M, where J = {0,1,2} is the total angular momentum,
M = {−J, . . . ,0, . . .+ J} is the magnetic quantum number, and ζ = {+,−}
is the signature of the pair amplitude under the particle-hole transformation.
The J = 2+ and J = 2− modes are of particular interest because they have
excitation energies which lie well below the pair-breaking edge of 2∆(T )
[ω2+ ' 1.1 ∆(T ) and ω2− ' 1.5 ∆(T )], couple to sound and are only weakly
damped by quasiparticles collisions. The linear interaction of zero sound
with the order parameter collective modes of 3He for frequencies in the range
of 10− 100 MHz has a number of similarities with the interaction of light
with atoms, molecules and solids, including:
- a spectroscopic classification of modes (excited states) in terms of
quantum numbers for rotational and discrete symmetries,
- sharp resonance features in the phase velocity, group velocity and at-
tenuation of sound (light) when its frequency and wave-vector matches
that of the collective modes (excited states),
- a linear Zeeman splitting of the collective modes (excited states) in
magnetic field, and
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- a nonlinear splitting of modes (excited states) in large magnetic fields
due in part to level repulsion.5
Partly because of the similarities between the ultrasonic absorption spectrum
of superfluid 3He and optical systems, as well as the sharpness of the collec-
tive mode resonances, 3He is an ideal media in which to look for acoustic
analogues of nonlinear optical effects.
Nonlinear optical effects can be broadly divided into two classes. One
class of effects occur because intense radiation induces a macroscopic pop-
ulation of one or more of the excited states of the medium. Consequently,
the occupation of the ground state of the system must be included as a dy-
namical variable in the constitutive equations. Examples include population
inversion, saturation effects and self-induced transparency [1]. A second
class of nonlinear effects are parametric processes such as harmonic gen-
eration, stimulated Raman scattering and two-photon absorption [10, 76].
Usually the population of the ground state need not be treated as a dynam-
ical variable and can be assumed to have its equilibrium value. Except for
a theoretical paper by Serene [65] on third-harmonic generation, previous
investigations, both experimental and theoretical, of nonlinear sound in su-
perfluid 3He have all involved effects belonging to the first class above. We
briefly review these before turning to the main subject of this article, para-
metric processes.
Polturak et al. [51] observed saturation of the attenuation of zero sound in
3He-B for frequencies nearly resonant with the J = 2+ mode, as well as prop-
agation delay, pulse sharpening and break-up of narrow sound pulses. They
pointed out that these observations were qualitatively similar to self-induced
transparency. Sauls [56] constructed a phenomenological set of nonlinear
equations, which are consistent with the symmetries of superfluid 3He-B,
reduce to the known linear equations, and are analogous to the Maxwell-
Bloch equations for the optical self-induced transparency. He found that
the relationship between the pulse width and the pulse velocity for the soli-
ton solutions of these equations was in good agreement with the results of
Polturak et al. However, Rouff and Varoquaux [55] questioned the interpre-
tation of the experiments of Polturak, et al. in terms of self-induced trans-
parency and pointed out that the energy density required for the formation
of solitons in Sauls’ phenomenological theory, which is of the order of the
superfluid condensation energy density, is two orders of magnitude larger
than the estimated energy density in the sound pulses of Polturak et al. The
discrepancy with the energy density of the phenomenological theory, com-
5For a detailed discussion of the collective mode spectrum in 3He-B see the review by
Halperin and Varoquaux in this volume.
6 R. H. McKenzie and J. A. Sauls
bined with the observation of soliton-like propagation, underscores the need
for a more fundamental theory of nonlinear sound propagation in superfluid
3He as well as further experimental efforts to study the nonlinear dynamics
of the order parameter.6
Nonlinear effects in the A-phase have also been observed. The attenu-
ation of low-frequency zero sound in the 3He-A is dominated by the pair-
breaking process near the nodes of the anisotropic energy gap. Avenel et
al. [5] observed a decrease in the attenuation as the sound intensity was in-
creased and showed that the reduction was due to a saturation effect from
the creation of a non-equilibrium distribution of quasiparticles over a small
region of the Fermi surface. Kopp and Wo¨lfle [34] have recently derived dy-
namical equations for the quasiparticle distribution function, similar to the
Maxwell-Bloch equations of nonlinear optics, which they use to describe the
observations reported by Avenel et al [5].
Parametric processes, involving the absorption and emission of excitations
with differing frequencies, are common in nonlinear systems and occur in
diverse fields such as optics [68], plasma physics [27], electronics [77], and
acoustics [13]. The simplest parametric process is a three-wave resonance
in which nonlinear interactions allow two modes with frequencies ω1 and
ω2 and wavevectors q1 and q2 to excite a third mode with frequency ω3 and
wavevector q3 given by
ω3 = ω1+ω2 , q3 = q1+q2 . (5.8)
Often the first wave, known as the pump wave, is of high intensity. The other
waves are known as the idler and signal waves. The rate at which the process
occurs depends on the intensity of the pump wave. The reverse process, the
excitation of modes 1 and 2 by mode 3, is also allowed. Such a parametric
process is interpreted as the decay of a quanta of mode 3 into quanta of
modes 1 and 2, and Eq. (5.8) expresses the conservation of energy and
momentum. In Sec. (5.6) we discuss two particular parametric processes:
(1) the production of a real squashon7 by two zero-sound phonons (two
phonon absorption),
(2) the decay of a zero-sound phonon into a real squashon and a second
zero-sound phonon (stimulated Raman scattering).
Other processes such as third harmonic generation are discussed as exten-
sions of the above two processes in Sec. (5.7).
Two important questions need to be answered by a theory of parametric
processes in superfluid 3He:
6We note that Namaizawa [49] recently obtained nonlinear equations which are similar to
the phenomenological equations of [56], but with significantly different coupling parameters.
7We shall often refer to a quantum of the J = 2+, or real squashing mode, as a real squashon.
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(a) When is a particular parametric process forbidden by the symmetry of
the ground state of 3He, i.e. what are the selection rules?
(b) What energy density of the pump wave is required for experimental
detection of parametric excitation of the modes?
Liquid 3He possesses a number of symmetries and approximate symmetries,
which determine the selection rules for parametric processes that occur. An
example is the decay process for zero sound in normal 3He proposed by
Ketterson [29] in which a zero-sound phonon decays into a spin wave by
absorbing a q = 0 magnon from a macroscopic population of such magnons
that have been prepared by tipping the magnetization relative to the static
field with an rf-pulse. However, such a decay process is not allowed [57],
without dipolar interactions, because of the nearly exact invariance of the
density matrix under separate rotations in spin and position space. Simi-
larly, Serene [64] has shown that the approximate particle-hole symmetry
of the 3He Fermi liquid determines important selection rules for the linear
coupling of zero sound to the order parameter collective modes in superfluid
3He. This symmetry also determines important selection rules for paramet-
ric processes involving zero sound as discussed in Secs. (5.2) and (5.5). In
fact because of particle-hole symmetry processes (1) and (2) above are al-
lowed only for real squashons (J = 2+), not imaginary squashons (J = 2−).
In Sec. (5.6) we discuss the coupling strengths of real squashons to sound
via parametric processes and argue that the three-wave processes should be
observable when the pump-wave energy density is of the order of the su-
perfluid condensation energy density. Finally, in Sec. (5.7) we show that
although the generation of third harmonics and anti-stokes waves are lim-
ited by dispersion, they may still be observable, at least for sufficiently short
sound path lengths.
Section (5.3) is a review of the quasiclassical theory of superfluid 3He
which provides the basis for our treatment of sound propagation and collec-
tive modes in the B-phase starting with the linear response theory in Sec.
(5.4). These results are important for the development of parametric nonlin-
ear effects that follow. We begin with a discussion of the conservation laws
and general properties of the constitutive equations for collisionless sound
propagation in 3He-B.
5.2 Conservation laws and constitutive equations
The density fluctuation δn(x, t) and current density J(x, t) satisfy the
continuity equation for particle conservation
∂δn
∂ t
+
∂Jk
∂xk
= 0 , (5.9)
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and the equation for momentum conservation
m
∂Jk
∂ t
+
∂
∂xl
Πkl = 0 , (5.10)
where Πkl is the energy-momentum stress tensor for the fluid. The Fourier
transforms of (5.9) and (5.10) combine to give,
ω2δn(q,ω) =
1
m
qkqlΠkl(q,ω) . (5.11)
It is straight-forward to show that in the collisionless limit the trace of the
energy-momentum tensor is related to the density fluctuation by
Πkk = 3mc21 δn , (5.12)
where c1 is the velocity of hydrodynamic first sound,
c21 =
1
3
v2f (1+F
s
0 )(1+F
s
1 /3) , (5.13)
v f is the Fermi velocity, and (Fs0 , F
s
1 ) are Landau’s Fermi-liquid parameters
(see e.g. [9]). The wave equation (5.11) can then be written
(ω2− c21 q2)δn = 2c21 q2 δΠ , (5.14)
where δΠ is proportional to the traceless part of the energy-momentum
stress tensor
δΠ=
1
2mc21
(qˆkqˆl− 13 δkl)Πkl . (5.15)
It is important to note that although the wave equation is linear in δn and
δΠ it still describes nonlinear sound propagation because the longitudinal
stress δΠ is a nonlinear functional of the density fluctuation and, in general,
the amplitudes of the other collective modes of the system which couple
to zero sound.8 The relationship between the fluctuating stress δΠ and the
density fluctuation δn must be obtained from a more microscopic theory
than hydrodynamics. Under certain conditions (see below) the constitutive
relation is schematically of the form
δΠ' χ(1) δn+χ(2) (δn)2+χ(3) (δn)3+ . . . . (5.16)
8Note that for low amplitude, low frequency sound and T → 0, there are no quasiparti-
cle excitations, nor collective modes, in which case δΠ→ 0, and we recover the Anderson-
Bogoliubov result for the density wave.
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In the linear response limit the frequency dependent phase velocity v(ω)
and attenuation of sound α(ω) are related to the real and imaginary parts of
χ(1), respectively; while the higher-order susceptibilities govern the nonlin-
ear acoustic response. The detailed form of the constitutive equation con-
necting δΠ and δn reflects the symmetry of the ground state and the prop-
erties of liquid 3He. A similar situation occurs in nonlinear optics where the
electromagnetic field satisfies
(
∂ 2t − c2∇2
)
E = −4pi ∂ 2t P where P is the
electric polarization. The constitutive relation connecting P and E can be
nonlinear and reflects the symmetry and material properties of the optically
active medium (see e.g. [68]).
Serene [64] has discussed the constraints which the symmetries of 3He
place on the linear response functions for zero sound and the couplings to
different order parameter collective modes. Liquid 3He is a system with
a high degree of symmetry. The normal phase is rotationally invariant in
both spin and orbital spaces, translationally invariant, time-reversal invariant
and reflection symmetric. In addition, the normal Fermi liquid possesses an
approximate discrete symmetry called particle-hole symmetry. The density
of quasiparticle states N(ξp) varies on the scale of the Fermi energy, E f .
Consequently, for the low-energy properties of the liquid it is generally an
excellent approximation to take the density of states to be constant. This
approximation is closely related to the symmetry of the low-energy effective
Hamiltonian under interchange of quasiparticles and quasiholes. Particle-
hole symmetry is, however, only an approximate symmetry since the density
of states is not precisely an even function of the excitation energy, ξp. In fact,
several striking manifestations of the small particle-hole asymmetry of liquid
3He have been observed in the superfluid phases, all of which occur when
particle-hole asymmetry is connected with another broken symmetry9 or the
resonant response of a collective mode. Particle-hole symmetry leads to a
selection rule forbidding the excitation of the J = 2+ mode by a weak (i.e.
in the linear response limit) zero-sound field. The experimental observation
of resonance peaks in the ultrasonic absorption due to the J = 2+ modes in
spatially uniform 3He-B [24, 43, 6] are a direct consequence of particle-hole
asymmetry [31]. We discuss this case in more detail below.
A quasiparticle with energy ξp = p2/2m∗−E f > 0 above the Fermi sur-
face is mapped into a quasiparticle just below the Fermi surface with energy
9The A1 phase of superfluid 3He is stable in a small temperature range proportional to the
magnetic field only because of particle-hole asymmetry. Similarly, the tiny gyromagnetic effect
in the NMR of rotating 3He-B, interpreted in terms of a ferromagnetic moment of the vortex
lines, is also due to particle-hole asymmetry.
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−ξp and spin rotated by pi by a unitary transformation,
apα → C apαC † = (iσ2)αβ a†pβ , (5.17)
where p is the vector with pˆ = pˆ and ξp = −ξp.10 This transformation
leaves the low-energy effective Hamiltonian invariant to leading order in
ϖc/EF , where ϖc is the quasiparticle “bandwidth” [64]. Assuming exact
particle-hole symmetry of the normal Fermi liquid, the order parameter and
density operators transform according to
Cdop(pˆ;x, t)C † =+dop(pˆ;x, t)† , C δnop(x, t)C † =−δnop(x, t) , (5.18)
where
δnop(x, t) = ψ†α(x, t)ψα(x, t)−〈ψ†αψα〉eq (5.19)
=
∫ d3q
(2pi)3
eiq·xN(0)
∫ ϖc
−ϖc
dξp
∫ dΩp
4pi
a†p+q,α(t)ap,α(t)
dop(pˆ;x, t) =
∫ dΩp
4pi
V t(pˆ · pˆ′)
∫ ϖc
−ϖc
dξp′
∫
d3r e−ip
′·r (5.20)
× −i
2
[σ2σ]βα ψα(x+r/2, t)ψβ (x−r/2, t)
=
∫ d3q
(2pi)3
eiq·x
∫ dΩp
4pi
V t(pˆ · pˆ′)
∫ ϖc
−ϖc
dξp′
× −i
2
[σ2σ]βα ap′+q/2,α(t)ap′−q/2,β (t) .
It then follows that the operators corresponding to the real and imaginary
parts of the order parameter fluctuation have signatures + and −, respec-
tively, under C , i.e.
Cd±op(pˆ;x, t)C
† =±d±op(pˆ;x, t) , (5.21)
where d±op = 12
(
dop±d†op
)
.
The consequences of these symmetry relations and exact particle-hole
symmetry of the equilibrium density matrix, e−βH , for the linear response
of the density and order parameter are easily deduced [64]. Consider the
linear dispersion relations between d± and the density fluctuation δn
K±i j (q,ω,∆) d
±
j (q,ω) = L
±
i j(q,ω,∆) δn(q,ω) . (5.22)
10An explicit construction of the operator C is given in Ref. [21].
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For a real equilibrium order parameter, like the homogenous BW state,11
∆
C−→∆; thus, if (5.22) is to be invariant under C , then L+i j must vanish.
Therefore, if particle-hole symmetry were an exact symmetry the density
would not couple to oscillations of the real part of the order parameter, d−.
However, the coupling of sound to the imaginary part of the order parame-
ter, d−, is not forbidden by particle-hole symmetry. Excitation of the J = 2−
mode can be interpreted as a phonon of energy h¯ω , momentum h¯q, and
particle-hole symmetry ζ =−, exciting the superfluid from the ground state,
with ζ =+, to an excited state (e.g. an imaginary squashon) with energy h¯ω ,
momentum h¯q, and ζ =−. However, particle-hole symmetry is weakly bro-
ken in 3He. Consequently, there is a weak coupling between the modes with
ζ =+ and zero sound. In the linear response limit the dynamical equations
for the J = 2± modes are of the form
λ (ω)
[
ω2+ iωΓ±−ω2M±− c2M± q2
]
D±M(q,ω)=
6∆2
1+Fs0
β±M δn(q,ω) , (5.23)
where D±M(q,ω) is the amplitude of the mode with magnetic quantum num-
ber M,ζ =±, 1/Γ± is the lifetime of the corresponding mode due to quasi-
particle collisions, and λ (ω) is the frequency- and temperature-dependent
response function given in (5.102). The coupling “constant” β−M for the
ζ = −1 modes is the of order one, while β+M is small, of order N′(E f )
∆/N(E f ) ∼ ∆/E f  1, where N(E f ) and N′(E f ) are the density of states
and its slope at the Fermi surface [31]. The fluctuations in the stress tensor
and the order parameter are related by
δΠ(q,ω) =
N(E f )
1+Fs0
+2
∑
M=−2
[
β+M D
+
M(q,ω)+β
−
M D
−
M(q,ω)
]
. (5.24)
The precise definitions of the collective mode amplitudes, frequencies and
coupling functions are given in Sec. (5.4). Equations (5.23) and (5.24) de-
scribe the interaction of zero sound with the J = 2+ and J = 2− modes in the
linear response limit. In particular, these constitutive equations describe the
resonant absorption and anomalous dispersion of zero sound resulting from
the excitation of the J = 2± modes. In addition, a nonlinear term which is
quadratic in δn is allowed by particle-hole symmetry for the real modes, but
not for the imaginary modes. At higher sound amplitudes a driving term on
the right side of (5.23), which is second order in the density, becomes im-
portant. Similarly, the stress tensor has a term which is bilinear in δn and
11Any overall phase factor is removed by a uniform gauge transformation.
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the J = 2+ amplitude D+M . In Sec. (5.5) these nonlinear couplings are shown
to have the form
δΠ(ω) =
1
(1+Fs0 )∆2
∑
M
∫
dν AM(ω,ν ,ω−ν)δn(ν)D+M(ω−ν) , (5.25)
λ (ω)
[
ω2+2iωΓ+−ω2M+− c2M+ q2
]
D+M(q,ω)
=
6
N(E f )2
∫
dν |c1(q−s)
ω−ν |
2 AM(ν−ω,ν ,−ω)∗ δn(ν) δn(ω−ν) ,(5.26)
where AM is a dimensionless function of temperature of order one except
near Tc, and the wave-vector dependence of the right-hand side of these
equations has been suppressed for clarity. Note that the same function AM
appears in both equations. These equations together with Eq. (5.14) describe
the interaction of the J = 2+ mode with two zero-sound modes and are cen-
tral equations of this paper; their consequences are discussed in Sec. (5.6)
and (5.7).
5.3 Review of the quasiclassical theory
The starting point for our derivation of the nonlinear constitutive equa-
tions in (5.25) and (5.26) is the quasiclassical theory of superfluid 3He; we
follow the notation in the review article by Serene and Rainer [67] as much
as possible. However, for technical reasons we do not start directly from
Eilenberger’s transport equations, but rather from an expansion of the low-
energy Dyson equation. Thus, it is useful to briefly review the quasiclassical
equations on superfluid 3He and their relation to the Dyson equation.
The dynamical theory of superfluid 3He has as its main components: (i) a
transport equation describing the evolution of the quasiparticle distribution
function, (ii) a time-dependent gap equation for the order parameter, and
(iii) inputs describing the initial state of the quasiparticles and the conden-
sate. The quasiclassical theory is derived from the full many-body perturba-
tion theory and Landau’s observation that the low-lying excitations in liquid
3He are quasiparticles obeying Fermi statistics. This latter hypothesis cor-
responds to assuming that the normal-state self-energy is a slowly varying
function of momentum near the Fermi surface, while the Green’s function is
dominated by the quasiparticle pole at |p|= p f .
The dynamical equations governing superfluid 3He are formulated in terms
of 4×4 matrix Green’s functions which are defined in terms of products of
Nambu spinors that combine the spin and particle-hole degrees of freedom,
Ψ=
(
ψ↑ ψ↓ ψ†↑ ψ
†
↓
)
. (5.27)
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For example, the retarded Green’s function is
GˆR(x, t;x′, t ′)ab =−iθ(t−t ′)
〈
{Ψa(x, t) ,Ψ†b(x′, t ′)}
〉
; a,b= {1,2,3,4} ,
(5.28)
where {A , B} = AB+BA and 〈...〉 denotes the average over the statistical
ensemble. The structure of the matrix Green’s function in particle-hole space
is
Gˆ =
(
G F
F¯ G¯
)
, (5.29)
where Gαβ ∼
〈
{ψα , ψ†β}
〉
is the conventional one-particle retarded Green’s
function and Fαβ is the corresponding anomalous Green’s function, and is
related to the Cooper pair amplitude
〈
ψαψβ
〉
. The barred quantities obey
the symmetry relations (see Ref. [67] for a summary of these and other
symmetry relations),
G¯Rαβ
(
x, t;x′, t ′
)
=−GAβα
(
x′, t ′;x, t
)
,
F¯Rαβ
(
x, t;x′, t ′
)
=−FAβα
(
x′, t ′;x, t
)∗
. (5.30)
It is convenient to introduce the mixed Fourier-space representation for any
of the Green’s functions,
Gˆ(p,x;ε, t)=
∫
d3r
∫ +∞
−∞
dτei(ετ−p·r) Gˆ(x+
1
2
r, t+
1
2
τ;x− 1
2
r, t− 1
2
τ) ,
(5.31)
and often to Fourier transform the center of mass variables as well,
Gˆ(p,q;ε,ω) =
∫
d3x
∫ +∞
−∞
dt ei(ωt−q·x) Gˆ(p,x;ε, t) . (5.32)
The central object of the quasiclassical theory is not the full Green’s func-
tion, but the quasiclassical propagator,
gˆ(pˆ,x;ε, t) =
1
a
∫ +ϖc
−ϖc
dξp τˆ3 Gˆ(p,x;ε, t) , (5.33)
in which the sharp structure in Gˆ(p,x;ε, t) due to the quasiparticles with
p ' p f [i.e. ξp = v f (p− p f ) ' 0] is integrated out. The appearance of the
matrix
τˆ3 =
(
I 0
0 −I
)
,
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where I the 2× 2 identity matrix in spin space, in the definition of gˆ is
conventional. The cutoff, ϖc, separates the low-energy quasiparticle states
from the high-energy incoherent part of the spectral function,12 and the fac-
tor a is the weight of the quasiparticle pole in the spectral function. The
central equation of the quasiclassical theory follows from the low-energy
Dyson equation,13 which holds for energies |ε|<ϖc and momenta such that
|ξp|< ϖc [ξp ≡ v f (p− p f )],(
ετˆ3−ξp1ˆ− σˆ
)⊗ τˆ3Gˆ = a1ˆ , (5.34)
where σˆ(pˆ,q;ε,ω) is the quasiclassical self energy and the convolution op-
erator ⊗ is defined by
Aˆ⊗ Bˆ(p,q;ε,ω)=
∫ d3s
(2pi)3
∫ dν
2pi
Aˆ(p+
1
2
s,q−s;ε+ 1
2
ν ,ω−ν) (5.35)
× Bˆ(p− 1
2
(q−s),s;ε− 1
2
(ω−ν),ν) .
The self energy is a functional of gˆ, and a formal perturbation expansion
for σˆ in terms of gˆ has been derived by Rainer and Serene [52]. The con-
tributions to σˆ are classified by their order in the small parameters, δ/E f ,
where δ represents any of the low-energy scales δ = {kBTc, h¯ω, h¯qv f ,vext}.
The first-order terms are the mean fields, while the second-order terms de-
scribe the leading order effects due to quasiparticle collisions and strong-
coupling corrections to the mean fields. In what follows we work in the
high-frequency limit, ω  1/τ , where τ is the quasiparticle lifetime, and
we will typically neglect collision effects as well as strong-coupling correc-
tions.
The quasiclassical theory describes the nonequilibrium dynamics of su-
perfluid 3He by making use of the Keldysh method [28] (see also the recent
review [53]) which requires three propagators: gˆR, gˆA, gˆK representing the
low-energy parts of the full Green’s functions GˆR, GˆA, and GˆK . The retarded
and advanced Green’s functions, GˆR and GˆA, describe the quantum states of
the superfluid, while the Keldysh Green’s function, GˆK , describes the occu-
12Obviously ϖc is not well defined; however, the ambiguity turns out to be of no significance
through first-order in the small energy scale δ ∼ T/E f . The cutoff appears explicitly only in the
logarithmically divergent weak-coupling gap equation, and can always be eliminated in favor
of the physically relevant superfluid transition temperature, Tc. For a detailed discussion of this
procedure see Ref. [67].
13Gˆ satisfies both a left- and right-handed low-energy Dyson equation with τˆ3Gˆ and the
differential operator interchanged.
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pation of these states14 and is defined by
GKab(x, t;x
′t ′) =−i
〈[
Ψa(x, t) ,Ψ†b(x
′, t ′)
]〉
. (5.36)
These three Green’s functions can be written as elements of a 2× 2 matrix
in “Keldysh space”
Gˆ =
(
GˆR GˆK
0 GˆA
)
, (5.37)
and the corresponding equation of motion for the low-energy part of the
nonequilibrium matrix Green’s function is the familiar Dyson equation, lifted
to include the Keldysh “degree of freedom”,(
ετˆ3−ξp1ˆ− σˆ
)⊗ τˆ3Gˆ = a 1ˆ , (5.38)
where the self energy matrix σˆ (in Keldysh space) is of the form
σˆ =
(
σˆR σˆK
0 σˆA
)
. (5.39)
The off-diagonal term, σˆK , describes collision effects as do the imaginary
parts of σˆR,A. However, in the mean-field approximation (i.e. the leading
order expansion of σˆ in δ ) these terms are zero and the components of σˆ
collapse to one,
σˆK(pˆ,x;ε, t) = 0 ,
σˆR(pˆ,x;ε, t) = σˆA(pˆ,x;ε, t) = σˆ(pˆ,x; t) . (5.40)
Furthermore, for 3He-B in homogenous thermal equilibrium the only nonzero
mean field is the “gap function”, or off-diagonal mean field ∆ˆ, representing
the formation of Cooper pairs. In 4×4 Nambu space the gap function takes
the form,
σˆ0(pˆ)≡ ∆ˆ(pˆ) =
(
0 ∆(pˆ) · iσσ2
∆(pˆ)∗ · iσ2σ 0
)
, (5.41)
where {σ j | j = 1,2,3} are the Pauli matrices and ∆(pˆ) is given by (5.6) for
3He-B.
In the low-frequency limit (h¯ω  ∆) the Keldysh propagator, gˆK , is sim-
ply related to the quasiparticle distribution function which satisfies Landau’s
14This interpretation is strictly true only in the low-frequency limit, h¯ω ∆, but the informa-
tion contained in gˆR, gˆA, gˆK , and the utility of these functions extends well beyond this regime
to frequencies ∆< h¯ω  E f .
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kinetic equation (see e.g. [67] and [53]). This interpretation breaks down
at higher frequencies, (h¯ω ∼ ∆); nevertheless, gˆK still determines the ob-
servable properties (e.g. sound and spin waves), and is calculated by solv-
ing the quasiclassical transport equation, or the low-energy Dyson equation,
as discussed below. For many purposes knowledge of the full quasiclassi-
cal propagator gˆK(pˆ,x;ε, t), is not necessary, but rather the equal-time (or
energy-integrated) propagator,
δ gˇ(pˆ,x; t) =
∫ dε
2pii
δ gˆK(pˆ,x;ε, t) = δ gˆK(pˆ,x; t+0+, t) , (5.42)
where δ gˆK = gˆK− gˆK0 and δ σˆ = σˆ− σˆ0 represent the nonequilibrium devia-
tions of the propagator and self energy from their equilibrium values, gˆK0 , σˆ0
(given below).
In order to represent the 4× 4 matrices δ gˇ and δ σˆ in Nambu space it
is convenient, both in terms of calculations and physical interpretation, to
introduce a particular basis set of 4×4 matrices,
{γˆa | a = 1, . . . ,16}=
{
Σˆµ , τˆ3Σˆµ , δˆµ , τˆ3δˆµ | µ = 0,2,3,4
}
, (5.43)
where
Σˆ0 =
(
I 0
0 I
)
, Σˆ j =
(
σ j 0
0 −σ2σ jσ2
)
, (5.44)
δˆ0 =
(
0 iσ2
iσ2 0
)
, δˆ j =
(
0 iσ jσ2
iσ2σ j 0
)
, j = 1,2,3 .
These matrices satisfy the orthonormality conditions,
1
4
Tr [γˆaγˆb] = ea δab , (5.45)
where ea =−1 for the anti-hermitian matrices δˆµ (i.e. a = 9,10,11,12) and
ea =+1 for the remaining hermitian matrices.
The general expansions of δ gˇ and δ σˆ in terms of the {γˆa} basis are
δ gˇ =
16
∑
a=1
γˆaδ ga, δ σˆ =
16
∑
a=1
γˆaδσa . (5.46)
It is also convenient to introduce the following notation for the coefficients
δ σˆ = ε+1ˆ+ ε−τˆ3+d+ · δˆ+d− · τˆ3δˆ+ . . . ,
δ gˇ = δ g+1ˆ+δg−τˆ3+δf+ · δˆ+δf− · τˆ3δˆ+ . . . , (5.47)
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since the functions δg±, etc. obey simple symmetry relations, δg±(pˆ,x; t)=
±δg±(±pˆ,x; t), etc. These are the main quantities needed for the descrip-
tion of the interaction of sound with the order parameter. The mass density
and current fluctuations are related to δg+ and δg−, respectively, while the
real and imaginary parts of the spin-triplet order parameter are related to
δf+ and δf−, respectively. We will often refer to δg± as the quasiclassi-
cal “distribution functions”, and δf± as the “pair amplitudes”. Furthermore,
the mean fields and equal-time propagators in (5.47) are related by the mean-
field constitutive equations,
ε±(pˆ,q;ω) =
1
2
∫ dΩpˆ′
4pi
As(pˆ · pˆ′)δ g±(pˆ′ ,q;ω) , (5.48)
d±(pˆ,q;ω) =
1
2
∫ dΩpˆ′
4pi
V t(pˆ · pˆ′)δf±(pˆ′ ,q;ω) , (5.49)
where As(pˆ ·pˆ′) is the spin-symmetric scattering amplitude for quasiparticles
in the forward direction and V t(pˆ · pˆ′) is the pairing interaction for spin-
triplet Cooper pairs with zero total momentum. Both of these functions may
be expanded in Legendre´ polynomials,
As(x) =
∞
∑
l=0
Asl Pl(x) , V
t(x) =
odd
∑
l≥1
(2l+1)Vl Pl(x) . (5.50)
The Asl are related to the conventional Landau Fermi-liquid parameters F
s
l ,
Asl =
Fsl
1+Fsl /(2l+1)
, (5.51)
while Vl is the pairing interaction in the angular momentum channel l. The
dominant contribution to V t is the l = 1 term, and is responsible for the
formation of p-wave Cooper pairs. The Landau parameter Fs0 is large in
3He
(Fs0 ' 10− 100), reflecting the stiffness of 3He, as well is Fs1 (' 6− 12),
which is related to the large effective mass. For the rest of the article we
assume that the only nonzero parameters are Fs0 ,F
s
1 , and V
t
1 . This simplifies
the calculations and is a good approximation for the type of semiquantitative
results given here. We have not discussed the exchange field which plays an
important role in all magnetic phenomena of 3He. We assume zero magnetic
field throughout most of this article, but occasionally refer to the effects
a field has on the collective mode spectrum, or coupling strength of these
modes to zero sound.
The density fluctuation δn and the stress fluctuation δΠ discussed in Sec.
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(5.2) are related to the quasiclassical distribution function, δg+, by
δn =
N(E f )
1+Fs0
δg0 , (5.52)
δΠ=
N(E f )
1+Fs0
δg2 , (5.53)
where
δgl(q,ω) =
∫ dΩpˆ
4pi
Pl(pˆ · qˆ)δg+(pˆ,q;ω) ; l = 0,2 , (5.54)
and N(E f ) is the density of states at the Fermi surface for one spin popula-
tion. Similarly, the longitudinal current density is proportional to δg1,
Jq = N(E f )v f δg1 . (5.55)
If the left and right-handed Dyson’s equations are subtracted from one
another and integrated over ξp the result is a transport-like equation [18, 37,
20] for the quasiclassical propagators gˆa(pˆ,q;ε,ω), where a= {R,A,K}. In
the mean-field approximation all three propagators obey the same equation,
Qˆ [gˆa, σˆ ]≡ ε [τˆ3 , gˆa]+ 12ω {τˆ3 , gˆ
a}−η gˆa− σˆ ◦ gˆa+ gˆa ◦ σˆ = 0 , (5.56)
where η = v f pˆ ·q and the convolution is defined by
Aˆ◦ Bˆ(pˆ,x;ε,ω) =
∫ dν
2pi
Aˆ(pˆ,x;ε+
1
2
ν ,ω−ν)Bˆ(pˆ,x;ε− 1
2
(ω−ν),ν) .
(5.57)
In addition to these homogeneous transport equations the quasiclassical
propagators satisfy the normalization conditions first derived by Eilenberger
[18],
gˆa ◦ gˆa =−2pi3 δ (ω) 1ˆ , a = R,A , gˆK ◦ gˆA+ gˆR ◦ gˆK = 0 . (5.58)
These conditions together with the full quasiclassical equations for the self
energy are discussed in detail in Ref. [67].
Here we summarize the elementary, but important equilibrium solutions
of these equations. In homogeneous equilibrium the transport equation sim-
plifies to a matrix equation,
[ετˆ3− σˆ0(pˆ) , gˆa0] = 0 , (5.59)
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with the normalizations,
gˆa0(pˆ,ε)
2 =−pi2 1ˆ , a = R,A , gˆK0 gˆA0 + gˆR0 gˆK0 = 0 . (5.60)
In addition, the equilibrium Keldysh propagator is proportional to the distri-
bution function,
gˆK0 (pˆ,ε) = tanh
( ε
2T
)[
gˆR0 − gˆA0
]
. (5.61)
Furthermore, the only non-zero mean field is the off-diagonal gap function,
σˆ0(pˆ) = ∆ˆ(pˆ), given in (5.41) for triplet pairing. We also assume that the
order parameter is “unitary”, in which case ∆ˆ(pˆ)∆ˆ(pˆ) = −|∆(pˆ)|2 1ˆ. The
corresponding equilibrium solutions to the transport equation and normal-
ization conditions are,
gˆ
( RA )
0 = pi
∆ˆ(pˆ)− ετˆ3√
(ε+ iς)2−|∆(pˆ)|2 , (5.62)
gˆK0 = 2pii sgn(ε) tanh
( ε
2T
) ∆ˆ(pˆ)− ετˆ3√
ε2−|∆(pˆ)|2 Θ
(
ε2−|∆(pˆ)|2) .(5 63)
Using the equilibrium solution for gˆK0 in the mean-field equation for ∆(pˆ)
we obtain the self-consistency equation,
∆(pˆ) =
∫ dΩpˆ′
4pi
V t(pˆ · pˆ′)
∫ ϖc
|∆(pˆ′)|
dε tanh
( ε
2T
) ∆(pˆ′)√
ε2−|∆(pˆ′)|2 , (5.64)
where ϖc is the cutoff defining the low-energy states. For p-wave pairing,
(V1 >Vl 6=1) the BW state (5.6), with |∆(pˆ) |2 = ∆(T )2, is the lowest-energy
solution of Eq. 5.64 [7]. The magnitude of the gap is then the solution of the
BCS gap equation,
1
V1
=
∫ ϖc
∆(T )
dε
tanh
( ε
2T
)√
ε2−∆(T )2 . (5.65)
The superfluid transition temperature, Tc, is fixed by the gap equation for
∆→ 0, 1/V1 =K (Tc), where
K (T ) =
∫ ϖc
0
dε
ε
tanh
( ε
2T
)
' ln
(
1.13
ϖc
T
)
. (5.66)
The ill-defined cutoff and pairing interaction can be eliminated in favor of
the transition temperature. The gap ∆(T ) then becomes a function only of
the reduced temperature through the equation,
ln(T/Tc) =
∫ ∞
∆(T )
dε tanh
( ε
2T
)[ 1√
ε2−∆(T )2 −
1
ε
]
, (5.67)
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where ϖc/∆→ ∞ in all convergent integrals. These equilibrium functions
are important inputs to the linear and weakly nonlinear response functions
of 3He-B.
Applications of the quasiclassical transport equations to nonequilibrium
problems in superfluid 3He have been considered by several authors. Kopnin
[32] and Eckern [17] investigated the orbital and spin dynamics of the super-
fluid phases, while Kieselmann and Rainer [30], and Zhang, et al. [78], stud-
ied Andreev scattering of quasiparticle wavepackets from an inhomogenous
order parameter field characteristic of superfluid 3He near a surface. The the-
ory of Andreev scattering in 3He is reviewed in this volume by Kurkija¨rvi
and Rainer [36]. In the present context of high-frequency collective modes
in 3He-B the quasiclassical theory has been used to investigate the linear re-
sponse to zero sound [59, 60, 22, 23], as well as parametric nonlinear effects
in 3He-B by Serene [65] and the authors [45].
For the nonlinear response there are distinct advantages, at least in weak-
coupling theory, to calculating gˆ by directly integrating the low-energy Dyson
equation (5.34), which can be rewritten as
1
a
τˆ3Gˆ = Gˆ0+ Gˆ0⊗δ σˆ ⊗
1
a
τˆ3Gˆ , (5.68)
where Gˆ0 is the low-energy equilibrium propagator for the superfluid phase
(given in Eqs. 5.72-5.75 below), and δ σˆ is the nonequilibrium mean field.
For weak nonlinearities we can formally expand the nonequilibrium quasi-
classical propagator δ gˆ in powers of the nonequilibrium self energy δ σˆ ,
δ gˆ =
∫
dξp
{
Gˆ0⊗δ σˆ ⊗ Gˆ0 + Gˆ0⊗δ σˆ ⊗ Gˆ0⊗δ σˆ ⊗ Gˆ0 + . . .
}
. (5.69)
The well-known weak-coupling linear response functions and collective mode
spectrum of 3He is obtained directly from the leading order term in Eq.
(5.69) and the self-consistency equations for δ σˆ , Eqs. (5.48) and (5.49). The
weak nonlinear response functions are obtained from the terms quadratic in
δ σˆ in Eq. (5.69).
5.4 Linear response
The quasiclassical distribution function and nonequilibrium pair ampli-
tude are obtained from the Keldysh component of (5.69), which to linear
Collective Modes & Nonlinear Acoustics in Superfluid 3He-B 21
order in δ σˆ is
δ gˆK(pˆ,q;ε,ω) (5.70)
=
∫
dξp
[
GˆR0 (ξp+
1
2
η ,ε+
1
2
ω)δ σˆ(pˆ,q;ω) GˆK0 (ξp−
1
2
η ,ε− 1
2
ω)
+ GˆK0 (ξp+
1
2
η ,ε+
1
2
ω)δ σˆ(pˆ,q;ω) GˆA0 (ξp+
1
2
η ,ε+
1
2
ω)
]
.
The propagators GˆR,A,K0 are solutions of the low-energy equilibrium Dyson
equation, [
(ε± iς) τˆ3+ξp1ˆ− ∆ˆ(pˆ)
]
Gˆ
( RA )
0 = 1ˆ , (5.71)
with
GˆK0 = tanh
( ε
2T
)[
GˆR0 − GˆA0
]
, (5.72)
and have the simple form,
GˆR0 = h
RHˆ , GˆA0 = h
AHˆ , GˆK0 = h
KHˆ , (5.73)
where Hˆ = ξp1ˆ+ ε τˆ3− ∆ˆ, and
hR =
(
hA
)∗
=
1
(ε+ iς)2−E2p
, (5.74)
with ς → 0+, E2p = ξ 2p+∆2, and
hK =
ipi
Ep
tanh
( ε
2T
)
[δ (ε−Ep)−δ (ε+Ep)] . (5.75)
We have assumed the long-wavelength limit, q k f , in order to write ξp±q/2 =
ξp± 12η , where η = v f pˆ ·q. Note that the quasiclassical propagators gˆR,A,K0
are obtained by direct integration of GˆR,A,K0 over ξp.
By integrating Eq. (5.70) over excitation energies, ε , we obtain the linear
response functions for the equal-time quasiclassical propagator,
δga(pˆ,q;ω) =
16
∑
b=1
εa Yab(pˆ,q;ω)δσb(pˆ,q;ω) , (5.76)
where the coefficients are
Yab(pˆ,q;ω) =
1
4
∫ dε
2pii
∫
dξp (5.77)
× Tr
[
γˆa GˆR0 (ξp+
1
2
η ,ε+
1
2
ω) γˆb GˆK0 (ξp−
1
2
η ,ε− 1
2
ω)
+ γˆa GˆK0 (ξp+
1
2
η ,ε+
1
2
ω) γˆb GˆA0 (ξp−
1
2
η ,ε− 1
2
ω)
]
.
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There is considerable redundancy among the various response functions
Yab. First of all the identities Tr[AˆBˆ] = Tr[BˆAˆ] and hR = hA∗ imply the rela-
tions
ReYab(pˆ,q,ω) = ReYba(pˆ,−q,−ω) . (5.78)
A similar identity for the imaginary part,
ImYab(pˆ,q,ω) =−ImYba(pˆ,−q,−ω) . (5.79)
also holds if Tr[γˆaHˆ γˆbHˆ] is real, as is the case for nonmagnetic ground states.
These identities require time-reversal symmetry of the ground state and are
analogous to the Onsager relations of irreversible thermodynamics (see e.g.
[35]). Together with the identities that follow from particle-hole symmetry,
gauge and Galilean invariance, they greatly reduce the number of indepen-
dent coefficients Yab. The symmetry relations that follow from gauge and
Galilean invariance are obtained by first considering how the conservation
laws for particle number and momentum are related to the quasiclassical
transport equation, Eq. (5.56). Although this equation is nonlinear in gˆ, it
contains two important linear relations connecting the low-order moments
of the quasiclassical distribution functions δg±(pˆ,q;ω). By projecting out
the diagonal terms in particle-hole space from (5.56) and integrating over ε
we obtain,
ωδg+−ηδg−−2ωε+=−2γ∆ ·d−+2∆ ·δf−−d− ◦δf++d+ ◦δf− , (5.80)
ωδg−−ηδg+−2ωε− = 0 , (5.81)
where 12γ is the same integral appearing in the weak-coupling gap equation,
Eq. (5.65). These equations are closely related to the conservation laws
for particle number and momentum. Projecting out the l = 0 term of (5.80)
gives
ωδg0−qv f δg1−2ωε0 = 0 , (5.82)
which upon using the identities (5.51), (5.52), (5.55) and the self-consistency
equation, Eq. (5.48) for ε0, reduces to the continuity equation, Eq. (5.9).
Note that the right side of Eq. (5.80) vanishes upon integration over the
Fermi surface when the self-consistency equations, Eqs. (5.49) and (5.64),
for d− and ∆ are imposed. Similarly, the l = 1 projection of Eq. (5.81)
gives
ωδg1− 13qv f δg0−
2
3
qv f δg2− 23ωε1 = 0 , (5.83)
from which the second conservation law, Eq. (5.10), for the longitudinal
current follows. Alternatively, Eqs. (5.80) and (5.81) can be used to obtain
linear relations between the response functions. The functional derivative of
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( 5.81) - i.e. the proto-momentum conservation law - with respect to any of
the mean fields σa, except ε− (i.e. a 6= 2), gives
ωY2a −ηY1a = 0; a 6= 2 . (5.84)
Then using the full Onsager-like relations, Eqs. (5.78) and (5.79), we also
obtain,
ωYa2 −ηYa1 = 0; a 6= 2 . (5.85)
Similarly, the functional derivative of Eq. (5.80) - the proto-contiunity equa-
tion - with respect to σa for σa 6= ε+ (i.e. a 6= 1), combined with the Onsager-
like relations yields,
ωYa1 −ηYa2−2
3
∑
b=1
∆b Ya,b+13 = 0; a 6= 1 . (5.86)
If we now consider the expansion of the distribution function, δg+, and the
pair amplitudes, δf±, in the mean fields, then it is clear from Eq. (5.85) that
ε+ and ε− always appear in the linear combination,
δg+,δf± ∼ (ωε++ηε−)+ . . . . (5.87)
By combining (5.85) and (5.86) we obtain,
(
ω2−η2) Ya1−2ω 3∑
b=1
∆b Ya,b+13 = 0; a 6= 1,2 . (5.88)
Thus, the mean fields, ε± and ∆ ·d−, if they enter the expansions of δf±
do so in the linear combination,
δf± ∼ ∆2(ωε++ηε−)− 1
2
(ω2−η2)∆ ·d−+ . . . . (5.89)
The reasons for these invariant combinations of Landau molecular fields,
ε±, and the imaginary part of the order parameter fluctuation, d−, are hinted
at by their originating from the conservation laws for particle number and
momentum; Eqs. (5.87) and (5.89) reflect the covariance of the transport
equations for 3He under gauge and Galilean transformations.
Consider the following transformation of the quasiclassical propagator,
gˆ(pˆ,x; t, t ′)→ gˆ′ = Uˆ [Λˆ(pˆ,x; t)] gˆ(pˆ,x; t, t ′)Uˆ [Λˆ(pˆ,x; t ′)]† , (5.90)
where
Uˆ
[
Λˆ(pˆ,x; t)
]
= e−iΛˆ(pˆ,x;t) . (5.91)
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The self energy, σˆ , transforms similarly. The particular choices, Λˆ= φ(x, t) τˆ3
and Λˆ= p f pˆ ·X(t) 1ˆ, correspond to the gauge and Galilean transformations,
respectively. More generally, for any Λˆ that commutes with τˆ3 (i.e. any Λˆ
that is diagonal in Nambu space, which includes local spin rotations gener-
ated by Λˆ= θ · Σˆ), then if the pair (gˆ, σˆ ) satisfy the quasiclassical transport
equation, Qˆ [gˆ , σˆ ] = 0, then
Uˆ
[
Λˆ
]
Qˆ [gˆ , σˆ ] Uˆ
[
Λˆ
]†
= Qˆ
[
gˆ′ , σˆ ′+ σˆ∇
]
= 0 . (5.92)
The form of the transport equation is invariant, but the local gauge, spin, or
Galilean transformation generates an additional mean field associated with
the space or time variations of the generator Λˆ(pˆ,x; t),
σˆ∇(pˆ,x; t, t ′) =−iδ (t− t ′)
[
Uˆ v f pˆ ·∇Uˆ†+Uˆ τˆ3 ∂∂ t Uˆ
†
]
. (5.93)
For the generalized Galilean transformation, Λˆ(pˆ,x; t) = Λ(pˆ,x; t) 1ˆ,
σˆ∇ = δ (t− t ′)
[
v f pˆ ·∇Λ 1ˆ+ ∂Λ∂ t τˆ3
]
. (5.94)
It is then clear that the linear combination (ωε+ + ηε−) contributing to
δg+,δf± remains invariant under a Galilean transformation as required by
Eq. (5.90) with Λˆ= Λ(x; t) 1ˆ;
ε+ Λˆ−→ ε++ ε+∇ = ε++2iηΛ ,
ε− Λˆ−→ ε−+ ε−∇ = ε+−2iωΛ ,(
ωε++ηε−
) Λˆ−→ (ωε++ηε−) . (5.95)
Similarly, for gauge transformations, Λˆ(pˆ,x; t) =Λ(pˆ,x; t) τˆ3, the shift in σˆ
is given by
σˆ∇ = δ (t− t ′)
[
∂Λ
∂ t
1ˆ + v f pˆ ·∇Λ τˆ3
]
. (5.96)
The linear combination, ∆2(ωε++ηε−)− 12 (ω2−η2)∆ ·d−, is then gauge
invariant, implying that any contribution to δf± from the Landau molecular
fields must be accompanied by the imaginary part (“phase”) of the order
parameter fluctuation projected along the direction ∆.
The above formalism can be used to reduce the linear response functions,
Yab, that determine δ gˇ(pˆ,q;ω) to two independent functions. The quasi-
classical distribution function and spin-triplet order parameter fluctuations
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to linear order in the nonequilibrium mean fields become,
δg+ = (1−λ ) 2ω
ω2−η2
(
ωε++ηε−
)
+
ωλ
∆2
∆ ·d− , (5.97)
δf− = γd−+
λ
2∆2
[(
ω2−η2−4∆2)d−
+4∆
(
∆ ·d−)−2∆(ωε++ηε−)] , (5.98)
δf+ = γd++
λ
2∆2
[(
ω2−η2)d+−4∆(∆ ·d+)] , (5.99)
where γ is given by
γ = 2
∫ ϖc
∆
dε
tanh(ε/2T )√
ε2−∆2 , (5.100)
the same integral that appears in the equilibrium gap equation, and
λ (ω,η) = ∆2
∫ +∞
−∞
dε
2pii
(2εω+η2)β (ε+ 12ω)− (2εω−η2)β (ε− 12ω)
(4ε2−η2)(ω2−η2)+4η2∆2 ,
β (ε) = 2pii
tanh(ε/2T )√
ε2−∆2 Θ
(
ε2−∆2) , (5.101)
is the response function introduced by Tsuneto [70]. This function plays
an important role in determining the coupling strength of zero sound to the
collective modes, the Fermi-liquid renormalizations of the collective mode
frequencies, the g-factors for the Zeeman splittings of the J = 2± modes, as
well as the response of the quasiparticle excitations for frequencies above the
pair-breaking edge. So far as we are interested in the coupling of sound to the
J = 2± modes we can typically assume the high-frequency (ω ∼ ∆), long-
wavelength (qv f  ω) limits, in which case the q→ 0 response function is
most important,
λ (ω,T )≡ ∆2λ¯ (ω,T ) = ∆(T )2
∫ ∞
∆(T )
dε√
ε2−∆(T )2
tanh(ε/2T )
(ε2−ω2/4) . (5.102)
At frequencies below the pair-breaking edge, ω < 2∆, λ (ω) is real and
positive; the frequency and temperature dependence is shown in Fig. 5.1.
Note that λ (ω) is nominally of order one, except near Tc where λ ∼ (Tc−T ),
and for ω → 2∆ where λ has a weak singularity, λ ∼ (2∆−ω)−1/2. Above
the pair-breaking edge λ (ω) has an imaginary part,
Imλ (ω,T ) =
pi
2
(
2∆
ω
)
tanh(ω/4T )√
(ω/2∆)2−1 , ω > 2∆ , (5.103)
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Figure 5.1: The response function λ (ω,T ) as a function of frequency for
T = 0. The inset shows λ (ω,T ) as a function of temperature at ω = ∆(T ).
which determines (in part) the absorption of zero sound by pair breaking
processes.
For a purely p-wave pairing interaction the equilibrium gap equation im-
plies that γ = 2/V1. This relation is used to eliminate the pairing interaction
V1 and the cutoff-dependent integral γ from the time-dependent gap equation
that determines the order parameter collective modes. The solutions, Eqs.
(5.97,5.98,5.99), are identical with those obtained by solving the linearized
quasiclassical transport equations [59, 58].
The dispersion relations for the order parameter collective modes are found
by substituting the solutions (5.98) and (5.99) into the nonequilibrium gap
equation, Eq. (5.49). For a purely p-wave pairing interaction, d+ and d−
have the form,
d±i (pˆ,q;ω) = D
±
i j(q,ω) pˆ j , (5.104)
and satisfy the equations,∫ dΩpˆ
4pi
λ (ω,η)
[
(ω2−η2)d+−4∆(∆ ·d+)]i pˆ j = 0 , (5.105)∫ dΩpˆ
4pi
λ (ω,η)
[
(ω2−η2−4∆2)d−+4∆(∆ ·d−)
−2∆(ωε++ηε−)]i pˆ j = 0 . (5.106)
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Since the equilibrium state is the pseudo-isotropic state give in Eq. (5.6),
with J = 0 and an isotropic gap, the correct basis functions describing the
excitations of the condensate are the spherical tensors, tJ,Mi j ,
D±i j =
2
∑
J=0
+J
∑
M=−J
D±J,M t
J,M
i j , (5.107)
where
t0,0i j =
1√
3
δi j ,
t1,Mi j =
1√
2
εi jkuMk ; u
0
k = zˆk , u
±1
k =−
1√
2
(xˆ± iyˆ)k , (5.108)
and
t2,0i j =
√
3
2
[
zˆizˆ j− 13δi j
]
,
t2,±1i j = ∓
1√
2
[(xˆ± iyˆ)i zˆ j + zˆi(xˆ± iyˆ) j] ,
t2,±2i j = ∓
1
2
(xˆ± iyˆ)i(xˆ± iyˆ) j . (5.109)
These spherical tensors satisfy the relations,(
tJ,Mi j
)∗
= tJ,−Mi j , (5.110)
are orthogonal,
∑
i j
tJ,Mi j t
J′,M′∗
i j = δJJ′ δMM′ , (5.111)
and are related to the spherical harmonic functions for the direction aˆ by
YJM(aˆ) =

√
3
4pi t
0,0
i j aˆiaˆ j ; J = 0 ,√
3
8pi εilm t
1,M
lm aˆi ; J = 1 ,√
15
8pi t
2,M
i j aˆiaˆ j ; J = 2 .
(5.112)
The quantization axis zˆ defining the orientation of the order parameter modes
is determined by the propagation direction qˆ in the zero-field limit, as is clear
from Eqs. (5.105) and (5.106) in which qˆ is the only direction entering the
equations of motion for d±.
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Here we are only concerned with the J = 2+,2−, and 0− modes. Their
dispersion relations are obtained by projecting the amplitudes D±JM out of
Eqs. (5.105) and (5.106). Note that the real (d+) and imaginary (d−) modes
are decoupled from one another, a consequence of particle-hole symmetry
which is built into the quasiclassical equations. In the limit q→ 0 the modes
with different (J,M) also decouple. In particular, the J = 2+ modes satisfy
the homogenous equation,
λ (ω)
[
ω2− 8
5
∆2
]
D+2,M(q = 0,ω) = 0 , (5.113)
for all M = {−2, ...,2}. The five-fold degeneracy of the J = 2+ modes is a
consequence of rotational invariance of the B-phase, while the homogeneity
of Eqs. (5.105) and (5.113), in particular the absence of any coupling to the
density or longitudinal current follows from particle-hole symmetry. The
degeneracy is partially lifted for modes with non-zero pair momentum q;
ω2M =
8
5
∆2+ c2Mq
2 , (5.114)
where the velocities cM are approximately given by c2±2 ' 15 v2f , c2±1 ' 25 v2f ,
and c20 ' 715 v2f for qv f  ∆ [72].15 The degeneracy of the J = 2+ modes
is fully lifted by a magnetic field [69]. In the field-dominated regime, ∆ >
γH (qv f )2/∆, the modes exhibit a linear Zeeman splitting [62, 60],
ωM =
√
8/5∆+M g2+ ωL , (5.115)
where
g2± =
1
12
[
1± (1− y(T ))
λ (ω2±)
]
, (5.116)
is the Lande´ factor for the mode,
ωL =
γH
1+ 13 F
a
0 [2+ y(T )]
, (5.117)
is the effective Larmor frequency, and y(T ) is the Yosida function. The five-
fold Zeeman splitting was observed by Avenel, et al. [6], and provided clear
identification of the of the absorption peaks discovered by Giannetta et al.
[24] and Mast et al. [43] as the J = 2+ modes.
15These results were obtained by several other authors [48, 75, 12]. The effects of quasipar-
ticle interactions, magnetic fields and textures on the mode velocities have been considered by
[15, 73, 22, 23].
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In summary, if the Zeeman splitting in a small magnetic field (γH  ∆),
and the effects of dispersion and damping due to quasiparticle collisions are
taken into account, then the factor (ω2− 85∆2) in Eq. (5.113) is replaced by
(ω2+2iωΓ−ω2M−c2Mq2), where 1/Γ is the lifetime and cM determines the
phase velocity of the J = 2+, M mode. Complete expressions for the mode
frequencies, Lande´ g-factors and mode velocities including Fermi-liquid and
higher-order pairing effects are given in Refs. [59, 60, 22].
Although the J = 2+ mode is uncoupled to sound within the quasiclassi-
cal theory for the linear response, there is nevertheless a weak coupling of
the J = 2+ modes to zero sound arising from the small, but nonvanishing
particle-hole asymmetry of 3He. In particular, if we retain the weak energy
dependence of the density of states, N(ξp)' N(0)+N′(0)ξp+ . . ., then the
right side of Eq. (5.113) is replaced by a term of the form,∫ dΩp
4pi
ζ (ω,η)
[
∆(ωε++ηε−)
]
i pˆ j (5.118)
where ζ ∼ N′(0)Tc/N(0)λ ∼ Tc/E f is a measure of the particle-hole asym-
metry of 3He [31].
We now derive dynamical equations describing the linear coupling of the
J = 0− and J = 2− modes to density oscillations. These equations are later
used in the derivation of the nonlinear constitutive equations, Eqs. (5.25)
and (5.26). The J = 0− mode describes oscillations in the phase of the equi-
librium order parameter and is the Goldstone mode associated with broken
gauge symmetry. If Eq. (5.106) is contracted with t0,0i j the result is
∫ dΩp
4pi
λ (ω,η)
[
∆2(ωε++ηε−)− 1
2
(ω2−η2)∆ ·d−
]
= 0 , (5.119)
which to first order in 1/s2 = (qv f /ω)2 ' (v f /c1)2 ∼ 1/Fs0 gives(
ω2− 1
3
(qv f )2
) D−0,0√
3
= 2∆
(
ωε0+
1
3
qv f ε1
)
. (5.120)
For q= 0 and ω ∆ Eq. (5.120) reduces to the Josephson equation, i∂tϕ =
−2ε0, where ϕ is the phase of the local equilibrium order parameter, ∆(pˆ, t)=
∆(pˆ)eiϕ(t) '∆(pˆ)(1+ iϕ), in which case D−0,0/
√
3 = 2∆ϕ; and ε0 is the
scalar shift in the quasiparticle energy. For q 6= 0, Eq. (5.120) is identified
as the Bogoliubov-Anderson mode in the limit ω  ∆.
Similarly, the contraction of Eq. (5.106) with t2,M
∗
i j gives the dispersion
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relation for the J = 2− modes. In the long-wavelength limit,
1
6
λ (ω)
[
ω2−ωM(q)2
]
D−2,M(q,ω)=
∫ dΩp
4pi
t2,M
∗
i j pˆipˆ j λ (η ,ω) (5.121)
×
[
∆(ωε++ηε−)− 1
2
(
ω2−η2) D−0,0√
3
]
,
where
ω2M =
12
5
∆2+ c2Mq
2 , (5.122)
are the J = 2−,M mode frequencies. The mode velocities are to a good
approximation the same as those given above for the J = 2+ modes, and
the right side determines the coupling of the J = 2− modes to the density
fluctuations. To leading order in (qv f /ω) we can neglect the q-dependence
of λ (q,ω). To further simplify matters we assume that Asl = 0 for l ≥ 2.
Only the l = 0 and l = 1 projections of the mean fields, ε0 and ε1, which are
proportional to the density and current fluctuations
ε0 =
1
2
As0 δg0 , ε1 =
1
2
As1 δg1 , (5.123)
contribute to Eq. (5.121). These expressions are combined with the particle
conservation law given in Eq. (5.9) to relate ε1 to δg0. Then to leading order
in 1/s2 the phase mode and the density fluctuation are related by
D−0,0√
3
'
(
∆
ω
)
δg0(q,ω) , (5.124)
and, thus the equations of motion for the J = 2− modes become,
(
ω2−ωM(q)2
)
D−2,M(q,ω) =
6
5
G∗M
∆(c1q)2
ω(1+Fs0 )
δg0(q,ω) , (5.125)
where GM =
√
2
3 δM,0. In zero field the density and current fluctuations
excite only the J = 2−,M = 0 mode (with qˆ being the quantization axis for
the excited pairs). However, in a magnetic field, ∆ > γH  (qv f )2/∆, the
quantization axis is fixed by the magnetic field, zˆ=R(nˆ,θ) ·Hˆ , and the J =
2− modes exhibit a Zeeman effect; ωM =
√
12/5∆+M g2− ωL. Equation
(5.125) still holds, but with the coupling strengths given by
GM =
√
8pi/15Y2M(qˆ) . (5.126)
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For propagation parallel to the quantization axis only the M = 0 mode is
excited; however, for qˆ 6= zˆ, all five modes can couple to the density wave.
The Zeeman splitting of the J = 2− modes has recently been observed by
Movshovich, et al. [47].
As discussed in Sec. (5.2), the phase velocity and attenuation of zero
sound are determined by the longitudinal components of the stress tensor,
δΠ∼ δg2. Taking l = 2 moment of Eq. (5.97) gives
δg2(q,ω) =
2
5
(1−λ (ω))
1+Fs0
(c1q
ω
)2
δg0(q,ω)+
ωλ (ω)
5∆ ∑M
GM D−2,M(q,ω) ,
(5.127)
to leading order in 1/s2. Combining Eq. (5.127) with the wave equation,
Eqs. (5.14) and (5.53), we obtain the dispersion relation for collisionless
sound,
ω2 = c21q
2[1+2ξ (q,ω)] , (5.128)
ξ ≡ δΠ
δn
=
2
5
(c1q
ω
)2( 1
1+Fs0
)
(5.129)
×
[
(1−λ (ω))+ 3
5
λ (ω)∑
M
|GM|2 ω
2
(ω+ iΓ)2−ωM(q)2
]
.
The first term proportional to (1−λ (ω)) gives a shift in the phase velocity
for ω < 2∆ from non-condensate excitations. In the limit ω→ 0, T → 0 this
shift vanishes, as does the shift in phase velocity due to the off-resonant exci-
tation of the J = 2− modes represented by the second set of terms in (5.129).
At high frequencies, ω ∼ ωM , the J = 2− modes contribute significantly to
both the phase velocity and damping of sound,
δv(ω)
c1
∣∣∣∣
2−modes
=Reξ2−modes '
6
25
λ (ω)
1+Fs0
∑
M
|GM|2
(
ω2
ω2−ω2M
)
, (5.130)
α2−modes =−q Imξ2−modes '
6pi
25
ω
c1
λ (ω)
1+Fs0
∑
M
|GM|2δ (ω2−ω2M) .(5.131)
In addition to the resonant absorption and anomalous dispersion of zero
sound for ω ' ωM , the J = 2− modes also modify the pair-breaking thresh-
old. Forω > 2∆ the pair-breaking attenuation arises from Imλ ∼ 1/√ω−2∆.
However, the singularity at ω = 2∆ is suppressed by the off-resonant cou-
pling to the J = 2− mode, so that
αpair-breaking '
6
25
ω
c1
Imλ (ω)
1+Fs0
(
ω2−4∆2
ω2− 125 ∆2
)
∼√ω−2∆ , (5.132)
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in agreement with Wo¨lfle [74] and Serene [63], and qualitative agreement
with experimental measurements of the pair-breaking attenuation [24, 46,
16]. Finally, we remark that if we include the particle-hole asymmetry cor-
rections, then the dispersion function ξ (q,ω) also includes resonant cou-
pling to the J = 2+ modes of the form [31],
ξ2+ =
6
25
(c1q
ω
)2( 1
1+Fs0
)
[ζ (ω)]2∑
M
|GM|2
(
ω2
(ω+ iΓ)2−ω2+M(q)2
)
,
withζ ∼ Tc
E f
λ . (5.133)
5.5 Nonlinear response
In Sec. (5.2) we argued that even without exact particle-hole symmetry a
nonlinear coupling between the J = 2+ modes and zero sound exists, and is
of the form
δg2(ω) =∑
M
1
∆2
∫
dν Ξ(1)M (ω,ν ,ω−ν)δg0(ν)D+2,M(ω−ν) , (5.134)
λ¯ (ω)
6
[
ω2−ω2M
]
D+2,M(ω)=
1
∆2
∫
dνΞ(2)M (ω,ν ,ω−ν)δg0(ν)δg0(ω−ν) .(5.135)
The wave vector dependence of the nonlinear terms is suppressed for clarity.
In fact the constitutive equations can be written in the forms given in (5.25)
and (5.26), as the kernels Ξ(1)M (ω,ν ,ω−ν) and Ξ(2)M (ω,ν ,ω−ν) are deter-
mined by the same coupling function,
AM(q,ω;s,ν ;q−s,ω−ν) = 15
(c1s
ν
)2
ZM(qˆ, sˆ) A˜(ω,ν ,ω−ν) ,(5.136)
where the frequency and temperature dependence of the coupling strength
is contained in the factor A˜(ω,ν ,ω − ν), which can be written as a linear
combination of Tsuneto functions, λ (x), evaluated at the frequencies x =
{ω,ν ,ω − ν} with coefficients that are algebraic functions of ω , ν , and
ω − ν and the energy gap ∆(T ). The dependence of AM on qˆ and sˆ, the
propagation directions of the two sound waves, and the magnetic quantum
M is contained in the factor
ZM(qˆ, sˆ) = (qˆ · sˆ) sˆi t2,Mi j qˆ j−
1
3
qˆi t
2,M
i j qˆ j−
1
3
sˆi t
2,M
i j sˆ j . (5.137)
The explicit expression for A˜ is derived below.
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The right sides of Eqs. (5.134) and (5.135) come from contributions
to the quasiclassical propagator which are second order in the nonequilib-
rium mean fields, and are derived from Eq. (5.69). The explicit calcula-
tion of δ gˆ(2) is lengthy, particularly at finite wavevector; however, gauge
and Galilean invariance and the generalization of the Onsager-type relations,
Eqs. (5.78) and (5.79), for the nonlinear response, reduce the number of in-
dependent terms. Furthermore, it is necessary to calculate Ξ(1) and Ξ(2) only
to leading order in 1/s2 since the kernels of Eqs. (5.134) and (5.135) need
only be evaluated at q = 0.
Since we are interested here in weak nonlinearities arising from the cou-
pling of sound to the J = 2+ modes, the density and current induce oscilla-
tions of the same frequency in the mean fields, ε+ and ε−, in the phase of the
order parameter (the J = 0− mode), and the (off-resonant) J = 2− mode. To
derive Eqs. (5.134) and (5.135) it is simplest to eliminate the phase of the or-
der parameter by a gauge transformation. We then write the nonequilibrium
self energy in the form
δ σˆ = ε+1ˆ+ ε−τˆ3+d− · τˆ3 δˆ+d+ · δˆ , (5.138)
where ε+ and ε− are related to the density oscillation by ε+ = 12 A
s
0 δg0 and
ε− = 12 A
s
1ω (pˆ · qˆ) δg0/(1+Fs0 ). The oscillations in the imaginary part of
the order parameter, d−, contain only a contribution from the off-resonant
excitation of the J = 2− mode (from Eq. (5.125)), and is related to the
density oscillation by
d−(q,ω) =
µ(ω)
1+Fs0
(c1q
ω
)2
R(qˆ)δg0(q,ω) , (5.139)
where µ(ω) = 65ω∆/
(
ω2− 125 ∆2
)
andR(qˆ) = qˆ(pˆ · qˆ)− 13 pˆ.
These linear relations are used below to obtain the response of 3He-B
arising from the nonlinear coupling of sound to the J = 2+ modes. To obtain
these nonlinear couplings we expand the 4× 4 matrix propagator δ gˇ and
the self energy δ σˆ in terms of the matrices {γˆa} as in Eq. (5.46), then the
expansion coefficients for the second-order contribution to the propagator
obtained from Eq. (5.69) are given by
δga(q,ω) =
16
∑
b,c=1
∫ dν
2pi
∫ d3s
(2pi)3
(5.140)
× ea Xabc(ω,ν ,ω−ν)δσb(s,ν)δσc(q−s,ω−ν) ,
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where
Xabc(ω,ν ,ω−ν) = X¯abc(ω,ν ,ω−ν)+ X¯acb(ω,ν ,ω−ν) ,
X¯abc(ω,ν ,ω−ν) = µRRKabc +µRKAabc +µKAAabc , (5.141)
and µQSTabc involves a product of the three equilibrium propagators Gˆ
Q, GˆS
and GˆT [Q,S,T = {R,K,A}],
µQSTabc (ω,ν ,ω−ν) =
∫ dε
2pii
∫
dξpTr
[
γˆa GˆQ0 (ξp+
1
2
η ,ε+
1
2
ω)
γˆb GˆS0(ξp−
1
2
η+η ′,ε− 1
2
ω+ν)
γˆc GˆT0 (ξp−
1
2
η ,ε− 1
2
ω)
]
, (5.142)
with η = v f pˆ ·q and η ′ = v f pˆ ·s. The expression for Xabc contains six terms
corresponding to the possible time orderings of the propagators. It follows
from its definition that
Xabc(ω,ν ,ω−ν) = Xacb(ω,ω−ν ,ν) . (5.143)
In addition the identities Tr[AˆBˆ] = Tr[BˆAˆ] and hR = hA
∗
imply
ReXabc(ω,ν ,ω−ν) = ReXbac(−ν ,−ω,ω−ν)
= ReXcba(−ω+ν ,ν−ω) , (5.144)
which are the nonlinear generalizations of the Onsager-like relations given
in (5.78). As is the case for the linear response functions further relations
follow from gauge, Galilean and rotational invariance. It is straight forward
to show that Galilean invariance implies
ν Xa2b(ω,ν ,ω−ν) = η ′Xa1b(ω,ν ,ω−ν) , (5.145)
(ω−ν)Xa2b(ω,ν ,ω−ν) = (η−η ′)Xa1b(ω,ν ,ω−ν) , (5.146)
and thus, the mean fields, ε+ and ε−, appear only in the combinations
νε+(s,ν) + η ′ε−(s,ν) and (ω − ν)ε+(q − s,ω − ν) + (η − η ′)ε−(q −
s,ω−ν). Consequently, it is convenient to introduce the quantity
ωθ(q,ω)≡ ω ε+(q,ω)+η ε−(q,ω) . (5.147)
We now write down the general form for the distribution function and pair
amplitudes, δg+, δf+ and δf−, which are second order in the non-equilibrium
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mean fields. Particle-hole symmetry and the relations (5.145) and (5.146)
imply that there are only three independent coupling tensors X11 j,X1l j and
Xlm j (where j = 10,11,12 and l,m = 14,15,16) which appear in the expres-
sions for δg+, δf− and δf+. Gauge and rotational invariance further imply
that these coupling tensors can be written in the form
X11 j = A∆ jX1l j = B∆l∆ j +Cδl j
Xlm j = E ∆lδm j +F ∆mδ jl +G∆ jδlm+H∆l∆ j∆m . (5.148)
The identity Xlm j(ω,ν ,ω−ν) = Xml j(−ν ,−ω,ω−ν) further implies
E(ω,ν ,ω−ν) =−F(−ν ,−ω,ω−ν) . (5.149)
The second-order terms in δg+, δf− and δf+ are then given in terms of
these seven coefficients,
δg+(2)(ω)=
∫
dν
[
A(ω,ν ,ω−ν)θ(ν)∆ ·d+(ω−ν)
+ B(ω,ν ,ω−ν)∆ ·d−(ν)∆ ·d+(ω−ν)
+C(ω,ν ,ω−ν)d−(ν) ·d+(ω−ν)
]
, (5.150)
δf−(2)(ω)=
∫
dν
[
B(−ν ,−ω,ω−ν)θ(ν)∆ ·d+(ω−ν)∆
+C(−ν ,−ω,ω−ν)θ(ν)d+(ω−ν)
+E(ω,ν ,ω−ν)d−(ν) ·d+(ω−ν)∆
+F(ω,ν ,ω−ν)∆ ·d−(ν)d+(ω−ν)
+G(ω,ν ,ω−ν)∆ ·d+(ω−ν)d−(ν)
+H(ω,ν ,ω−ν)∆ ·d−(ν)∆ ·d+(ω−ν)∆
]
, (5.151)
δf+(2)(ω) =
∫
dν
[
A(ν−ω,ν ,−ω)θ(ν)θ(ω−ν)∆
+B(ν−ω,ν ,−ω)∆ ·d−(ν)θ(ω−ν)∆
+B(−ν ,ω−ν ,−ω)θ(ν)∆ ·d−(ω−ν)∆
+C(ν−ω,ν ,−ω)θ(ω−ν)d−(ν)
+C(−ν ,ω−ν ,−ω)θ(ν)d− (ω−ν) (5.152)
+E(ν−ω,ν ,−ω)∆ ·d−(ω−ν)d−(ν)
+F(ν−ω,ν ,−ω)∆ ·d−(ν)d−(ω−ν)
+G(ν−ω,ν ,−ω)d−(ν) ·d−(ω−ν)∆
+H(ν−ω,ν ,−ω)∆ ·d−(ν)∆ ·d−(ω−ν)∆
]
.
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We have used Eqs. (5.141) and (5.142) for Xabc(ω,ν ,ω − ν) to calculate
the seven coupling functions A,B,C,E,F,G and H for q = 0. Each of these
functions can be written in terms of the Tsuneto function, λ (ω),
A(ω,ν ,ω−ν) = −4∆2 k1(ω,ν ,ω−ν)+(ω−ν)k2(ω,ν ,ω−ν)
B(ω,ν ,ω−ν) = 2ω k1(ω,ν ,ω−ν)
C(ω,ν ,ω−ν) = −1
ω∆
[
ν2λ¯ (ν)− (ω−ν)2λ¯ (ω−ν)]
−2(ω−ν)∆2 k1(ω,ν ,ω−ν)
E(ω,ν ,ω−ν) = −2
ν∆
[
ωλ¯ (ω)− (ω−ν)λ¯ (ω−ν)]
F(ω,ν ,ω−ν) = −2
ω∆
[
νλ¯ (ν)+(ω−ν)λ¯ (ω−ν)]
G(ω,ν ,ω−ν) = −4∆2 k1(ω,ν ,ω−ν)+ k3(ω,ν ,ω−ν)
H(ω,ν ,ω−ν) = 4k1(ω,ν ,ω−ν) , (5.153)
where
kn(ω,ν ,ω−ν)∆= kn(−ν ,−ω,ω−ν)∆= 2ων(ω−ν)
× [ωnλ¯ (ω)+(−ν)n λ¯ (ν)− (ω−ν)n λ¯ (ω−ν)] . (5.154)
The detailed derivation of these functions can be found in Ref. [44].
From the nonlinear propagators given in Eqs. (5.150), (5.151), and (5.152)
we obtain the constitutive relations given in Eqs. (5.134) and (5.135). The
nonlinear contribution to the longitudinal stress tensor is given in part by the
l = 2 projection of Eq. (5.150),∫ dΩp
4pi
P2(pˆ · qˆ)δg+(2)(ω) =
∑
M
ZM(qˆ, sˆ)
∫
dν L(ω,ν ,ω−ν)δg0(ν)D+2,M(ω−ν) , (5.155)
where
L(ω,ν ,ω−ν) = 6
35(1+Fs0 )
(c1s
ν
)2[
∆A+µ(ν)
(2
3
B∆2+
7
6
C
)]
, (5.156)
and ZM is given by Eq. (5.137). There is also a contribution to the stress
tensor from the J = 2−, M = 0 mode [see Eq. (5.127)] which, as a result
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of the nonlinear term in Eq. (5.151), couples to the J = 2+ modes. This
coupling is given by
1
6
λ¯ (ω)
(
ω2− 12
5
∆2
)
D−2,0(ω) =−
√
3
2
∫ dΩp
4pi
R(qˆ) ·δf−(2)(ω)
= −1
5
√
3/2
(1+Fs0 )
∑
M
ZM(qˆ, sˆ) (5.157)
×
∫
dν
(c1s
ν
)2
K(ω,ν ,ω−ν)δg0(ν)D+2,M(ω−ν) ,
where
K(ω,ν ,ω−ν) =
[
4
7
∆2B+C
]
(−ν ,−ω,ω−ν)
+
2
3
µ(ν)
[
E +F +G+
4
7
∆2H
]
(ω,ν ,ω−ν) .(5.158)
In deriving (5.155) and (5.157) we made use of the identities
1
5
ZM(qˆ, sˆ) =
∫ dΩp
4pi
P2(pˆ · qˆ) pˆi t2,Mi j R j(sˆ)
=
∫ dΩp
4pi
P2(pˆ · sˆ) pˆi t2,Mi j R j(qˆ)
=
3
2
∫ dΩp
4pi
R(qˆ) ·R(sˆ) pˆi t2,Mi j pˆ j
=
7
6
∫ dΩp
4pi
P2(pˆ · qˆ)P2(pˆ · sˆ) pˆi t2,Mi j pˆ j . (5.159)
The resulting nonlinear stress is
δg2(ω) =
1
5
ωλ¯ (ω)∆
√
3
2
D−2,0(ω)+
∫ dΩp
4pi
P2(qˆ · sˆ)δg+(2)(ω) , (5.160)
which upon combining Eqs. (5.155), (5.157) and (5.160) gives Eq. (5.134)
with
Ξ(1)M (ω,ν ,ω−ν) =
1
5(1+Fs0 )
(c1s
ν
)2
ZM(qˆ, sˆ) A˜(ω,ν ,ω−ν) , (5.161)
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where
A˜(ω,ν ,ω−ν) = 6
7
∆3 A(ω,ν ,ω−ν) (5.162)
+
4
7
∆4
[
µ(ν)B(ω,ν ,ω−ν)−µ(ω)B(−ν ,−ω,ω−ν)]
+ ∆2
[
µ(ν)C(ω,ν ,ω−ν)−µ(ω)C(−ν ,−ω,ω−ν)]
− 2
3
∆3 µ(ω)µ(ν)
[
E +F +G+
4
7
H∆2
]
(ω,ν ,ω−ν) .
Thus, the constitutive equation can be written as (5.25),
δΠ(ω) =
1
(1+Fs0 )∆2
∑
M
∫
dν AM(ω,ν ,ω−ν)δn(ν)D+2,M(ω−ν) , (5.163)
with AM given by Eqs. (5.136) and (5.162). It follows directly from Eqs.
(5.153) and (5.162) that the coupling function AM satisfies
AM(ω,ν ,ω−ν) = AM(−ν ,−ω,ω−ν) . (5.164)
In a similar way the coupling functions Ξ(2)M in Eq. (5.135) are found by
substituting Eq. (5.152) into
1
6
λ¯ (ω)
(
ω2+2iωΓ−ω2M− c2Mq2
)
D+2,M =−
∫ dΩp
4pi
t2,M
∗
i j pˆiδf
+(2)
j (ω) .
(5.165)
Then to leading order in 1/s2
Ξ(2)M (ω,ν ,ω−ν) =
1
1+Fs0
∣∣∣∣c1(q−s)ω−ν
∣∣∣∣2 AM(ν ,−ω,ν−ω)∗ , (5.166)
so that the second constitutive equation becomes,
λ (ω)
[
ω2+2iωΓ−ω2+,M(q)2
]
D+2,M (5.167)
=
6
N(E f )2
∫
dν
∣∣∣∣c1(q−s)ω−ν
∣∣∣∣2 AM(ν−ω,ν ,−ω)∗ δn(ν)δn(ω−ν) .
Equations (5.163) and (5.167), together with the wave equation, Eq. (5.14),
describe the weak nonlinear interaction of the J = 2+ modes with the density
fluctuations of zero sound.
Before we discuss the consequences of these nonlinear constitutive equa-
tions we give a physical explanation of why the same coupling function AM
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appears in both Eqs. (5.163) and (5.167), and also satisfies the identity given
in Eq. (5.164). Consider three wave packets with carrier frequencies (ω1,
ω2, ω3) all propagating along the z-axis. The density and order parameter
fluctuations can be written
δn(z, t) = N1(z, t)ei(ω1t−q1z)+N2(z, t)ei(ω2t−q2z)+ c.c. ,
D+2,M(z, t) = EM(z, t)e
i(ω3t−q3z)+ c.c. . (5.168)
We assume that the sound pulses are sufficiently short that the quasiparticle
damping can be neglected (i.e. 1N j
∂N j
∂ t
 Γ , j = 1,2), that only one of the
five J = 2+ modes is excited by the two sound waves, and that the three-wave
resonance conditions for this mode hold: ωM =ω3 =ω1+ω2, q3 = q1+q2.
Substituting Eq. (5.168) into Eqs. (5.163), (5.167), and (5.14); and making a
slowly varying envelope approximation, in which the amplitudes N1, N2 and
EM are assumed to vary on time and length scales that are large compared to
1/ω j ∼ 1/∆ and 1/q j ∼ c1/∆, we obtain the following equations
i
(
∂
∂ t
− v1 ∂∂ z
)
N1 =
ω1AM(ω1,−ω2,ω3)
∆(1+Fs0 )
EM N∗2 ,
i
(
∂
∂ t
− v2 ∂∂ z
)
N2 =
ω2AM(ω2,−ω1,ω3)
∆(1+Fs0 )
EM N∗1 ,
i
6
λ¯ (ω3)
(
∂
∂ t
− vM ∂∂ z
)
EM =
AM(−ω1,−ω2,−ω3)∗
2∆ω3N(E f )2
N1 N2 , (5.169)
where v1 v2 and vM are the group velocities of the sound waves and collective
mode, respectively.16
In a three-wave resonance the total number of quanta should be conserved,
i.e. for each phonon of frequency ω1 that is destroyed a second phonon of
frequency ω2 is also destroyed and a real squashon is created. Thus, we
expect a continuity equation of the form(
∂
∂ t
− v1 ∂∂ z
)
U1
ω1
=
(
∂
∂ t
− v2 ∂∂ z
)
U2
ω2
=−
(
∂
∂ t
− vM ∂∂ z
)
UM
ω3
, (5.170)
to hold, where U j/ω j is the number density of quanta of the mode with
frequency ω j. It is straight forward to show (see e.g. Ref. [9]) that the
energy density of zero-sound phonons is
U j =
N(E f )|N j|2
1+Fs0
, (5.171)
16Under certain conditions these equations admit soliton solutions. However, these solitons
are quite different from the zero-sound solitons in 3He-B considered by Sauls [56].
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while that of the real squashons is
UM =
2
3
N(E f )λ¯ (ωM)ω2M |D+M|2 . (5.172)
The conservation equations for the quanta follow directly from the three
equations for the mode amplitudes and the identity given in (5.164). Equa-
tions (5.170) also occur in nonlinear optics [68] where they are called the
Manley-Rowe relations after similar equations derived for nonlinear mi-
crowave circuits [41].
5.6 Stimulated Raman scattering and two-phonon absorption
by the J=2+ modes
We now consider the three-wave resonance equations for two density
waves interacting with the J = 2+ modes in more detail. The dynamics
of the three-wave resonance is described by the wave equation, Eq. (5.14),
which each of the two sound waves satisfies, with the constitutive equations
given by Eq. (5.163) and the equation of motion for the the J = 2+ order
parameter modes, Eq. (5.167). The density fluctuation resulting from two
sound waves is
δn(x, t) = N˜1(x, t)+ N˜2(x, t)+ c.c. , (5.173)
N˜ j(x, t) = N j(x, t)ei(ω jt−q j ·x) ; j = 1,2 . (5.174)
If the wave amplitudes vary slowly on the time scale of the collective mode
lifetime, 1/Γ, then Eq. (5.167) can be solved for D+2,M(x, t). The collective
mode amplitude then contains terms oscillating with frequencies ω1 +ω2,
ω1−ω2, 2ω1, 2ω2 and ω = 0. One of these terms will dominate if its fre-
quency ωa and wavevector qa satisfy the resonance condition,
ω2a = ω
2
M + c
2
M q
2
a . (5.175)
First consider the case where the sum or difference of the frequencies of
the two sound waves is approximately equal to one of the collective mode
frequencies. The collective mode amplitudes are then given by
D+2,M(x, t) =
AM(ω1,−ω2,ω1+ω2)∗ N˜1(x, t) N˜2(x, t)
N(E f )2∆ φM(q1+q2,ω1+ω2)
+ c.c. , (5.176)
for ω1+ω2 ' ωM , or
D+2,M(x, t) =
AM(ω1,ω2,ω1−ω2)∗ N˜1(x, t) N˜2(x, t)
N(E f )2∆ φM(q1−q2,ω1−ω2) + c.c. , (5.177)
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if ω1−ω2 ' ωM . The denominator is defined by
φM(q,ω) =
1
6
λ¯ (ω)
[
ω2+2iΓω−ω2M− c2Mq2
]
. (5.178)
If these solutions for the collective mode amplitudes and the density fluc-
tuation given in Eq. (5.173) are substituted into the expression (5.163) for
the stress, then the latter contains terms oscillating with frequency ω1, ω2,
ω1 + 2ω2, and 2ω1 +ω2 when ω1 +ω2 ' ωM; and with frequency ω1, ω2,
2ω1−ω2 and 2ω2−ω1 when ω1−ω2 ' ωM . It is shown below that the
terms with frequency ω1 and ω2 dominate all others. The total stress can be
written
δΠ(x, t) = δΠL(x, t)+δΠ1(x, t)+δΠ2(x, t) , (5.179)
where the first term contains the contribution from the linear coupling to the
collective modes and the second and third terms are nonlinear contributions
with frequencies ω1 and ω2, respectively. The latter are given by
δΠ1
N˜1
=
[
χ(3)(ω1,−ω2,ω1+ω2)+χ(3)(ω1,ω2,ω1−ω2)
]
|N2|2 ,
δΠ2
N˜2
=
[
χ(3)(ω2,−ω1,ω1+ω2)+χ(3)(ω2,ω1,ω2−ω1)
]
|N1|2 , (5.180)
where the nonlinear susceptibility χ(3) is given by
χ(3)(ω,ν ,ω−ν)= 1
N(E f )2∆2(1+Fs0 )
∣∣∣c1qω ∣∣∣2∑M |A
M(ω,ν ,ω−ν)|2
φM(q−s,ω−ν) . (5.181)
We temporarily neglect the mode dispersion in Eq. (5.181) and substitute
Eq. (5.179) with Eq. (5.180) into the wave equation Eq. (5.14). Then if the
wave amplitudes N1 and N2 are nearly static and vary on a length scale that
is long compared to the wavelength of sound,(
∂
∂ z
+α1
)
N1(z) = iq1 χ(3)± |N2|2 N1(
∂
∂ z
+α2
)
N2(z) = iq2 χ(3)± |N1|2 N2 , (5.182)
for parallel waves propagating in the z direction, where α1 (α2) is the linear
attenuation coefficient of sound with frequency ω1 (ω2).
The number density of zero-sound phonons with frequency ω j is given by
n j = U j/ω j ( j = 1,2), where U j is the sound energy density given by Eq.
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(5.171). This latter expression can be combined with Eq. (5.182) for the
sound wave envelopes to give(
∂
∂ z
+2α1
)
n1 =−K± n1 n2 ,(
∂
∂ z
+2α2
)
n2 =∓K± n1 n2 , (5.183)
where
K± =
(
1
1+Fs0
)2 ω1ω2
c1Uc
Im∑
M
{ |A±M|2
φM(0,ω1±ω2)
}
,
φM =
1
6
λ¯ (ω)
[
ω2+2iωΓ−ω2M
]
,
A±M = AM(ω1,∓ω2,ω1±ω2) , (5.184)
and Uc = 12 N(E f )∆
2 is proportional to the superfluid condensation energy
density. Equations similar to Eq. (5.183) occur in nonlinear optics; the plus
and minus signs corresponding to two-photon absorption and stimulated Ra-
man scattering, respectively (see e.g. Ref. [68], pp. 148 and 203). In the
limit of negligible linear attenuation (α1 = α2 = 0) Eqs. (5.183) imply that
n1(z)±n2(z) is constant. These are the Manley-Rowe relations discussed in
Sec. (5.5). The full analytic solution of Eqs. (5.183) in this limit can be
found in Ref. [68].
If one of the sound waves is much more intense than the other then Eqs.
(5.183) can be also solved analytically.This limit is known as the undepleted
pump approximation because the number of phonons in the pump wave can
be taken to be constant. If the high-frequency wave is the high-intensity
pump wave (i.e. ω1 > ω2 ,n1 n2), then the solution to Eq. (5.183) is
n2(z) = n2(0)e(∓g±−2α2)z , (5.185)
where g±=K±n0 and n1(z)= n0. In the case of stimulated Raman scattering
(ω1−ω2 ' ωM), the wave with lower frequency, the Stokes wave, can be
amplified if the pump wave is of sufficient intensity so that g− > 2α2. In the
opposite limit, where the lower frequency wave is the high-intensity pump
wave (n2 = n0 n1), the solution of Eq. (5.183) gives
n1(z) = n1(0)e(−g±−2α1)z . (5.186)
The attenuation of the high-frequency wave for the case (ω1−ω2 ' ωM) is
known in optics as the inverse Raman effect.
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In the above discussion, the mode dispersion in the third-order suscepti-
bility, given in Eq. (5.181), was neglected in order to point out similarities
with nonlinear optics. We now show that, as first pointed out by Koch and
Wo¨lfle [31] for the linear acoustic response, the mode dispersion effects the
size and width of the peaks in the sound attenuation due to the collective
modes.
The part of the stress with frequency ω1 due to nonlinear effects can be
written as
δΠ(ω1)
N1(ω1)
=
(
c1q1
ω1
)2(c1q2
ω2
)4
× ∑
M
ϒ+M
φM(q1+q2,ω1+ω2)
+
ϒ−M
φM(q1−q2,ω1−ω2) , (5.187)
where
ϒ±M =
1
50(1+Fs0 )2
|A˜(ω1,∓ω2,ω1±ω2)ZM(qˆ1, qˆ2)|2 U2Uc . (5.188)
If we neglect the dispersion of the pump wave, with frequency ω2 and
(nearly constant) energy density U2, i.e. ω2 = c1q2, then Eq. (5.187) has a
similar form to that for the linear coupling of sound to the collective modes
except that here the coupling is proportional to energy density of the pump
wave. Combining Eq. (5.187) with the wave equation, Eq. (5.14), we set
q1 = k1 + iα1 and solve for δv1, the shift in the phase velocity v1 = ω1/k1
and δα1, the nonlinear contribution to the attenuation. The change in phase
velocity due to the nonlinear coupling to collective modes is to leading order
in 1/s2
δv1
c1
=∑
M
ϒ+MFM(ω1+ω2)+ϒ
−
MFM(ω1−ω2) , (5.189)
where
FM(ω) = ReφM(ω)−1 =
6(ω2−ω2M)
λ¯ (ω)
[
(ω2−ω2M)2+(2ωΓ)2
] . (5.190)
Solving for δα1 to leading order in 1/s2 we obtain
δα1
k1
=∑
M
GM(ϒ+M,ω1+ω2)+ GM(ϒ
−
M,ω1−ω2) , (5.191)
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where
GM(X ,ω)=
ωΓX
1
12 λ¯ (ω)
[
(ω2−ω2M)2+(2ωΓ)2
]
+
( cM
c1
)2X [ω1ω+(ω2−ω2M)] .
(5.192)
It follows from Eqs. (5.189) and (5.191) that the phase velocity and attenu-
ation have well defined signatures when ω1 +ω2 = ωM and ω1−ω2 = ωM ,
corresponding to two-phonon absorption and Raman scattering, respectively.
The size of the peaks in the sound attenuation are given by(
α1
k1
)
peak
=
Γϒ±M
1
3 λ¯ (ω1±ω2)(ω1±ω2)Γ2+(cM/c1)2ω1)ϒ±M
, (5.193)
and the widths W of the peaks are given by
W 2 =
∣∣∣∣Γ2+ 3ω1(ω1±ω2) λ¯ (ω1±ω2)
(
cM
c1
)2
ϒ±M
∣∣∣∣ , (5.194)
where Γ is the width due to quasiparticle damping and W depends on the
collective mode velocity, cM , and the strength of the nonlinear coupling to
sound.
We now consider the dependence of the nonlinear coupling function AM ,
given by Eq. (5.136), on various parameters. The temperature and fre-
quency dependences of AM , and therefore ϒ±M , are contained in the factor
A˜(ω1,∓ω2,ω1±ω2). The dependence of the dimensionless coupling func-
tion A˜(ω,ν ,ω−ν) on the frequency ω at zero temperature, when ω−ν =√
8/5∆, is shown in Fig. 5.2. Note that A˜ is zero at ω = 0 and
√
8/5∆.
The temperature dependence of A˜(ω,ν ,ω − ν) with ω − ν =√8/5∆ for
two-phonon absorption, with ω = ∆, is shown in Fig. 5.3(a); and for Raman
scattering, with ω = 1.4∆, in Fig. 5.3(b). Note that the coupling function
for Raman scattering vanishes near T = 0.6Tc. Since both coupling func-
tions are approximately constant at low temperatures T ≤ 0.4Tc it follows
from Fig. 5.2 that in this temperature range nonlinear effects will be rela-
tively small if either ω1 or ω2 ≤ 0.05∆ ' 0.1kBTc. Outside this range of
frequencies, and away from ω1 or ω2 '
√
12/5∆ (where the pump and sig-
nal waves are resonant with the J = 2− mode), the function A˜(ω,ν ,ω−ν)
depends weakly on frequency.
The angular dependence of ϒ±M is determined by ZM(qˆ1, qˆ2) given in Eq.
(5.137), which in turn depends on zˆ, the quantization axis of the modes. This
direction is determined by the relative size of the Zeeman energy, γH, and
the collective mode dispersion energy Q± ≡ v2f (q1±q2)2/∆. If Q±  γH
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Figure 5.2: The dependence of the nonlinear coupling constant A˜(ω,ν ,ω−
ν) on the frequency ω for ω−ν =√8/5∆ and zero temperature.
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Figure 5.3: The temperature dependence of the nonlinear coupling constant
A˜(ω,ν ,ω−ν) for ω−ν =√8/5∆; a) ω = ∆ (two-phonon absorption), b)
ω = 1.4∆ (stimulated Raman scattering).
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then zˆ is parallel to q1± q2, while if Q±  γH, then zˆ is parallel to the
“rotated” magnetic field R(nˆ,θ) ·H . The angular dependence reduces to a
simple form when the two wavevectors are either parallel or antiparallel,
|ZM(qˆ,±qˆ)|2 = 8pi135 |Y2M(qˆ)|
2 , (5.195)
where Y2M(qˆ) is a spherical harmonic. For qˆ =±zˆ |ZM |2 = 227 δM,0.
The sizes of the anomalies in the sound velocity and attenuation depend on
the magnitudes of ϒ±M and Γ. The height of the attenuation peaks increases
linearly with ϒ±M/Γ provided that Γ Γd . Clearly ϒ±M/Γ will be largest
for large pump wave energy densities, low pressures (where Fs0 and Γ are
smallest) and low temperatures, where Γ is small. However, when the ratio
ϒ±M/Γ becomes sufficiently large that Γ is comparable to the dispersion width
Γ the heights of the attenuation peaks tend to limiting values and their widths
increase as ϒ±M increases.
The damping of the order parameter collective modes due to quasiparticle
collisions. Γ is an increasing function of pressure and temperature. The
expression for Γ derived by Wo¨lfle [74] depends in a complicated way on
the quasiparticle scattering amplitudes, which are not well known. However,
the lifetime of the modes, 1/Γ, is roughly determined by the quasiparticle
lifetime, τ , which at very low temperatures (T  Tc) can be written
1
τ
= A(P)
(
Tc
T
)3/2
e−∆/T , (5.196)
where A is a function of pressure [19]. Although this expression is not valid
at higher temperatures it is sufficiently accurate for the semi-quantitative
results required here. We assume that the pressure dependence of A(P) is
that of 1/τN , where τN is the quasiparticle lifetime in the normal state,
1
τN
=
(T/mK)2
0.6−0.01P ,
where P is the pressure in bars [19]. Thus, we assume
A(P) =
A0 (Tc/mK)2
0.6−0.01P , (5.197)
where A0 is determined by fitting Eq. (5.196) to the data given by Halperin
[25] for the lifetime of the J = 2− mode at 13 bar. Expressions (5.196) and
(5.197) are used for the mode lifetime Γ in the calculations discussed below.
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In general, as the pressure increases the nonlinear features in the temperature
become smaller and broader.
The attenuation as a function of temperature, at zero pressure, for a sound
wave of frequency 35.8MHz (h¯ω1/kBTc = 1.87) in the presence of a parallel
pump wave with frequency 3.26MHz (h¯ω2/kBTc = 0.17) and energy density
U/Uc = 0.1 is shown in Fig. 5.4(a). The large central peak is due to the lin-
ear coupling of the J = 2+ mode to the higher frequency wave and occurs
at a temperature T0 such that
√
8/5∆(T0) = h¯ω1. The two peaks to the left
and right of the central peak are due to two-phonon absorption and the in-
verse Raman effect, respectively, and occur at temperatures T+ ' 0.58Tc and
T− ' 0.76Tc, determined by
√
8/5∆(T±) = h¯(ω1±ω2). The background
attenuation is due to the linear coupling of sound to the J = 2− mode, off-
resonance.
The temperature dependence at zero pressure of the attenuation (amplifi-
cation) of a sound wave with frequency ω12pi = 3.26MHz in the presence of a
pump wave with frequency ω22pi = 35.8MHz and energy density U/Uc = 0.1
is shown in Fig. 5.4(b). The peak at T+ is again due to two-phonon absorp-
tion. However, amplification occurs for temperatures near T− because of
stimulated Raman scattering: phonons of frequency ω2 decay into phonons
with lower frequency ω1 and real squashons of frequency ωM . No absorp-
tion peak from the linear coupling of the J = 2+ mode to the low frequency
ω1 wave appears in Fig. 5.4(b) because it occurs at a temperature T2 (such
that
√
8/5∆(T2) = h¯ω2), which is larger than 0.8Tc.
Figures 5.5(a) and 5.5(b) show the changes in phase velocity of a zero
sound wave of frequency ω1 due to its linear and nonlinear interaction with
the J = 2+ modes in the presence of a parallel wave of high intensity (U '
0.1Uc) and frequency ω2. In 5.5(a), ω1/2pi = 35.8MHz(h¯ω1/kBTc = 1.87)
and ω2/2pi = 3.26MHz(h¯ω2/kBTc = 0.17), while these two frequencies are
reversed in Fig. 5.5(b). The features at temperature T+ ' 0.58Tc are due to
two-phonon absorption by the J = 2+ mode. The features at T− ' 0.76Tc
in Fig. 5.5(a) and (b) are due to the inverse Raman effect and stimulated
Raman scattering, respectively. Note that in both Figs. 5.4 and 5.5 the sound
frequencies have been chosen so that both nonlinear resonances appear in a
reasonable temperature range and do not overlap with the large anomalies
due to linear coupling to the J = 2− mode or pair-breaking.
Although the sizes of the nonlinear absorption and velocity anomalies
increase with the energy density of the pump wave, there are obvious con-
straints on the amount of sound energy that is desirable in an experiment.
Just as the superfluid state is destroyed by a superflow with velocity larger
than the depairing critical velocity, it is also destroyed by sound waves with
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Figure 5.4: The predicted temperature dependences at zero pressure of
the attenuation/amplification (in units of cm−1) of a signal zero-sound wave
with frequency ω1 in the presence of a parallel pump wave of frequency
ω2 and energy density U = 0.1Uc; a) ω12pi = 35.8MHz,
ω2
2pi = 3.26MHz, b)ω1
2pi = 3.26MHz,
ω2
2pi = 35.8MHz. The peaks at T/Tc ∼ 0.58 and 0.76 in both
cases are due to nonlinear resonances. The central peak at T/Tc = 0.68 is
the linear absorption from the J = 2+ mode.
Collective Modes & Nonlinear Acoustics in Superfluid 3He-B 49
0.55 0.6 0.65 0.7 0.75 0.8
-2
-1
0
1
2
3
T/Tc
v/c - 1 [x 10   ]             -4 
t  = 35.8 1 MHz
t  = 3.26 2 MHz
U = 0.1 Uc
p = 0
0.55 0.6 0.65 0.7 0.75 0.8
-10
-5
0
5
10
T/Tc
v/c - 1 [x 10   ]            -5
t  = 3.26 1 MHz
t  = 35.8 2 MHz
U = 0.1 Uc
p = 0
Figure 5.5: The predicted temperature dependence of v(ω,T )/c1, the
change in phase velocity of a zero-sound wave due to linear and nonlin-
ear coupling to the J = 2+ mode. All parameter values are the same as in
Figs. 5.4(a) and (b).
50 R. H. McKenzie and J. A. Sauls
amplitude larger than some critical value. We expect that this occurs when
U ≈ Uc. In addition the pump wave causes heating of the superfluid at a
maximum rate
Cp
dT
dt
= 2α cU , (5.198)
where Cp and dT/dt are the heat capacity and rate of temperature increase of
the 3He, and α , c, and U are the attenuation, phase velocity and energy den-
sity of the pump wave. In an experiment the sound energy density must be
sufficiently small that the cryostat can keep the superfluid at a fixed temper-
ature during the period of time in which the sound waves propagate through
the cell. In the large amplitude sound experiments in 3He-B of Polturak et
al. [51], they used the measured heating rate and estimated the sound energy
density to be about one percent of the superfluid condensation energy den-
sity, i.e. U/Uc ' 0.01. This may be a more realistic estimate than the value
of U/Uc = 0.1 used in Figs. 5.4 and 5.5, shown for illustrative purposes.
Figures 5.6(a) and (b) show the temperature dependence of the height of
the attenuation peaks associated with two-phonon absorption for a pump
wave of energy density of 0.01Uc. Corresponding calculations for the Ra-
man peaks are shown in Figs. 5.7(a) and (b). The Raman peaks are expected
to be small for temperatures close to 0.6Tc because, as shown in Fig. 5.3(a),
the coupling function vanishes near this temperature. The maximum attenu-
ation due to the nonlinear coupling of sound to the J = 2+ modes is of order
1cm−1 over a wide temperature range. Since changes in the attenuation of
order 0.1cm−1, and changes in the phase velocity of order one part in 106
are detectable, these nonlinear anomalies should be observable for accessi-
ble pump-wave energy densities.
5.7 Generation of third-harmonic and anti-Stokes waves
When we considered the three-wave resonance equations in the quasi-
steady-state approximation, we noted that in addition to the terms in the
nonlinear stress tensor with the frequency of the pump wave, ω1, and the
Stokes wave, ω2, there are also oscillations with frequencies 2ω1−ω2 and
2ω2−ω1 which generate sound waves with the same frequencies. The analo-
gous waves in nonlinear optics are known as anti-Stokes waves. These waves
have much lower intensity than the pump wave and Stokes wave, which is
why we neglected them earlier. Nevertheless, the anti-Stokes waves may
be observable if the sound path is sufficiently short to reduce the destruc-
tive interference caused by dispersion. Our discussion is similar to Yariv’s
treatment (Ref. [76], p. 421) of the effect of dispersion on optical second-
harmonic generation.
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Figure 5.7: The predicted temperature dependence at zero pressure of a) the
attenuation peak due to the inverse Raman effect for ω = 1.4∆, and b) the
amplification peak due to stimulated Raman scattering for ω = 0.135∆. The
pump wave energy density is U = 0.01Uc.
52 R. H. McKenzie and J. A. Sauls
The term in the nonlinear stress tensor with frequency ωa = 2ω1−ω2 and
wave vector 2q1−q2 is
δΠa(x, t) = χa
[
N˜1(x, t)
]2 N˜2(x, t)∗ , (5.199)
where
χa =
1
N(E f )2(1+Fs0 )∆2
(
c1q1
ω1
)2
× ∑
M
AM(2ω1−ω2,ω1,ω1−ω2)AM(ω1,ω2,ω1−ω2)∗
φM(q1−q2,ω1−ω2) . (5.200)
The density oscillation generated by this driving term,
δn(x, t) = Na(x, t)e−i(ωat−qa·x) , (5.201)
satisfies the wave equation(
∂ 2
∂ t2
− c21∇2
)
δn = 2c21∇
2 [δΠa+δΠL] , (5.202)
where δΠL is the contribution to the stress tensor from the linear coupling of
the anti-Stokes wave to the collective modes. In the slowly varying envelope
approximation the anti-Stokes wave obeys
∂Na
∂ z
= iqa χa
[
N˜1
]2 N˜∗2 ei∆qz , (5.203)
where ∆q ≡ qa− 2q1 + q2 and ωa = v(ω)qa where v(ω) is the frequency-
dependent phase velocity for sound in the linear response limit. For fre-
quencies away from the J = 2+ collective mode resonances the dispersion is
dominated by the contributions from the excitations and off-resonant J = 2−
collective mode, and is given by
v(ω)
c1
−1 = Re
(
δΠL
δn
)
=
6λ (ω)
25(1+Fs0 )
(ω2−4∆2)
(ω2−12∆2/5) , (5.204)
from Eq. (5.129). The wave-vector mismatch
∆q = ω2
(
1
v(ω2)
− 1
v(ωa)
)
−2ω1
(
1
v(ω1)
− 1
v(ωa)
)
, (5.205)
is then nonzero because of dispersion. In order to integrate Eq. (5.203) we
assume that the sound path is sufficiently short, that the attenuation of the
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pump and Stokes waves is sufficiently small so that their amplitudes N˜1 and
N˜2 are nearly constant, and that the boundary condition for the anti-Stokes
wave is Na(0) = 0. The solution is
Na(z) = qaχa N˜1(0)2 N˜2(0)
(
ei∆qz−1)
∆q
. (5.206)
and the relative intensity of the anti-Stokes wave to the Stokes wave is
Ia(z)
I2
= |Gz|2 J0
(
1
2
∆qz
)2
, (5.207)
where J0(x) = sin(x)/x is the zeroth-order spherical Bessel function, and
G = qaχaN˜1(0)2. Thus, the anti-Stokes wave is destroyed by interference if
the wave-vector mismatch or path length L are sufficiently large, i.e. ∆qL
1. For frequenciesω1,ω2∼∆, the velocity mismatch is [v(ω1)−v(ω2)]/c1∼
1/Fs0 , so for low pressures, where F
s
0 is smallest, the wave-vector mismatch
is relatively large, ∆q ∼ 10cm−1. Thus, in order for anti-Stokes wave not
to be destroyed by interference, the length of the sound path should be less
than 1/∆q' 1mm.17
The amplification of the Stokes wave was shown to be about 1cm−1 for
a pump wave with energy density 0.1Uc. Using this energy we estimate the
relative intensities of the anti-Stokes and Stokes waves to be Ia/I2 ' 10−3
for path lengths the order of a millimeter. Thus, although the Stokes wave is
much larger than the anti-Stokes wave it may still be observable, provided
it is not overdamped. If ω1 > ω2 then the condition for stimulated Raman
scattering, ω1−ω2 '
√
8/5∆, implies that ωa > 2∆, and consequently the
anti-Stokes wave would be strongly attenuated by pair breaking. On the
other hand, if ω2 > ω1 and ω2−ω1 '
√
8/5∆, then the anti-Stokes wave is
not damped by pair breaking.
The generation of third harmonics is similarly limited by dispersion. Serene
[65] has noted that the J = 2+ modes can give rise to a significant third-
harmonic of the density. If there is a high-intensity sound wave, with fre-
quency ω1 and wave vector q1,
δn(x, t) = N˜1(x, t)e−i(ω1t−q1·x) , (5.208)
whose second harmonic is resonant with the J = 2+ modes (i.e. 2ω '√
8/5∆), then in the quasi-steady-state approximation the amplitudes of
17It may be possible to choose the frequencies, ω1,ω2, the temperature and the pressure
judiciously so that ∆q≈ 0.
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these modes are given by
D+2,M(x, t) =
AM(ω1,−ω1,2ω1)
N(E f )2∆φM(2q1,2ω1)
∣∣∣∣c1q1ω1
∣∣∣∣2 [N˜1(x, t)]2+ c.c. . (5.209)
If this amplitude is inserted into the nonlinear stress tensor given by Eq.
(5.163), together with Eq. (5.208), then a third-harmonic (frequency 3ω1
and wavevector 3q1) is obtained,
δΠ(x, t) = χ3
[
N˜1(x, t)
]3
, (5.210)
where
χ3 =∑
M
1
N(E f )2 (1+Fs0 )∆2
∣∣∣∣c1q1ω1
∣∣∣∣2[AM(3ω1,ω1,2ω1)AM(ω1,−ω1,2ω1)∗φM(2q1,2ω1)
]
.
(5.211)
Repeating the analysis of the of the relative intensity of the anti-Stokes waves
for the third-harmonic, it follows that the ratio of the intensity of the third
harmonic to that of the first harmonic is given by
I3(z)
I1
= |G3z|2 J0
(
1
2
∆qz
)
, (5.212)
where the wave-vector mismatch is ∆q = q3− 3q1, and G3 = q3χ3 N1(0)2.
We estimate that for the third harmonic not to be destroyed by the interfer-
ence, the sound path must be shorter than 1/∆q ' 1mm, as in the case of
the anti-Stokes wave. Similarly, for reasonable values of parameters the in-
tensity of the third harmonic is estimated to be I3/I1 ' 10−4. Although the
neglect of the third harmonic in the previous section was justified it may also
be of sufficient intensity to be observable. However, in practice it may be
difficult to distinguish the third harmonic signal generated by the nonlinear
response of the superfluid from the signals generated by the nonlinearities in
the experimental apparatus [65].
The results presented here for third-harmonic generation differ from those
of Serene in two respects; (i) here we consider the detrimental effect of dis-
persion on the third-harmonic signal, and (ii) Serene’s estimates for the non-
linear coupling constants are several orders of magnitude larger than those
presented here. This discrepancy has been resolved. Serene [66] did not
evaluate the complicated integral he obtained for the coupling to the third
harmonic, rather he assumed the properly scaled integral to be of order unity.
However, Kopp [33] has evaluated the integral in Serene’s paper and shown
that it vanishes to leading order in 1/s2 ∼ 1/Fs0 . The method used here to
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derive the collective mode equations shows that this cancellation to leading-
order in 1/s2 is a consequence of gauge and Galilean invariance.
5.8 Conclusion
We have attempted to give a reasonably complete discussion of the re-
lationship of collisionless sound propagation and attenuation to the order
parameter collective modes of superfluid 3He-B. These modes, which re-
flect the symmetries of the normal state as well as the broken gauge and
relative rotational symmetries of the condensate, play a central role in the
high-frequency response of the superfluid. The acoustic spectroscopy based
on the linear coupling of the J = 2± modes is well developed. The Zee-
man effect for both sets of J = 2 modes has been observed, as well as the
effects of gap distortion and textures on the attenuation and velocity spectra
of sound. Measurements of the temperature and field dependences of the
J = 2± modes have been used to obtain quantitative results for the gap as
well as the quasiparticle interactions that renormalize the collective mode
frequencies. In short, the linear response is fairly well understood.
Much less is known about the nonlinear acoustic response of superfluid
3He. We have presented the underlying theory, based on the quasiclassical
equations of superfluid 3He, of the weak nonlinear response of superfluid
3He-B for the case of a three-wave resonance between two sound waves of
different frequencies and the J = 2± modes, as well as the generation of
higher harmonic sound waves. The J = 2+ modes couple nonlinearly to two
zero-sound waves even though exact particle-hole symmetry of the normal
Fermi liquid is built into the quasiclassical equations. The predictions for
the nonlinear absorption and velocity anomalies resulting from the J = 2+
modes depend on relatively well understood material properties of 3He.
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5.9 Corrections to the Published Manuscript
1. The labeling of the Nambu matrices in Eq. 5.43 is corrected from
µ = {1,2,3,4} to µ = {0,1,2,3}.
2. Sign in Eq. 5.56 is corrected: +η →−η .
3. Added subscript to Eq. 5.60.
4. In the line above Eq. 5.86, the corrected sentence reads: “... for
σa 6= ε+ (i.e. a 6= 1) ...”.
5. In the sentence above Eq. 5.92, the corrected sentence reads, “...
local spin rotations generated by Λˆ= θ · Σˆ ...”.
6. Corrected coupling strength in Eq. 5.133: ζ (ω)→ [ζ (ω)]2.
7. Corrected Eq. 5.153 line 1: A(ω,ν ,ω−ν) =−4∆2 . . ..
8. Corrected Eq. 5.153 line 5: E(ω,ν ,ω−ν) = −2ν∆ . . ..
9. In the 2nd line of Eq. 5.159, P2(pˆ, sˆ)→ P2(pˆ · sˆ).
10. Corrected Eq. 5.163 to agree with Eq. 5.25, which is the correct
form.
11. Corrected the RHS of the 2nd line of Eq. 5.169:
AM(ω2,−ω1,ω2)→ AM(ω2,−ω1,ω3).
12. In Eq. 5.208: e−(iω1−q1·x)→ e−i(ω1t−q1·x).
